Bicriterion shortest hyperpaths in random
time-dependent networks

LARS RELUND NIELSEN KiM ALLAN ANDERSEN
Department of Operations Research Department of Management Science and Logistics
University of Aarhus Aarhus School of Business
Ny Munkegade, building 530 Fuglesangsalle 4
DK-8000 Aarhus C DK-8210 Aarhus V
Denmark Denmark

DANIELE PRETOLANT"
Dipartimento di Matematica e Fisica
Universita di Camerino
Via Madonna delle Carceri
1-62032 Camerino (MC)

Italy

Abstract

In relevant application areas, such as transportation and telecommunications, there
has recently been a growing focus on random time-dependent networks (RTDN), where arc
lengths are represented by time-dependent discrete random variables. In such networks,
an optimal routing policy does not necessarily correspond to a path, but rather to an
adaptive strategy. Finding an optimal strategy reduces to a shortest hyperpath problem
that can be solved quite efficiently.

The bicriterion shortest path problem, i.e. the problem of finding the set of efficient
paths, has been extensively studied for many years. Recently, extensions to RTDNs have
been investigated. However, no attempt has been made to study bicriterion strategies.
This is the aim of this paper.

Here we model bicriterion strategy problems in terms of bicriterion shortest hyperpaths,
and we devise an algorithm for enumerating the set of efficient hyperpaths. Since the
computational effort required for a complete enumeration may be prohibitive, we propose
some heuristic methods to generate a subset of the efficient solutions. Different criteria are
considered, such as expected or maximum travel time or cost; a computational experience
is reported.

Keywords: random time-dependent networks, bicriterion shortest path, directed hyper-

graphs, shortest hyperpath.

1 Introduction

One of the most classical problems encountered in the analysis of networks is the shortest
path problem. Traditionally the shortest path problem was a single objective problem with
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the objective being minimizing total distance or travel time. Nevertheless, due to the multiob-
jective nature of many transportation and routing problems, a single objective function is not
sufficient to completely characterize most real-life problems. In a road network for instance,
two parameters, time and cost, can be assigned to each arc. Clearly, often the fastest path
may be too costly or the cheapest path may be too long. Therefore the decision maker must
choose a solution among the paths, where it is not possible to find a different path such that
time or cost is improved without getting a worse cost or time, respectively (efficient path).
The problem of finding all efficient paths is called the bicriterion shortest path problem (bi-
SP) and has generated wide interest in multicriterion linear integer programming, see e.g.
[7, 8]. Garey and Johnson [10] showed that bi-SP is N'P-hard.

Several solution methods have been developed to solve bi-SP. They can be partitioned
into two main categories, namely path/tree approaches and node labelling (label setting/label
correcting) methods. For node labelling methods see [2, 22]. The path/tree methods can
be further partitioned into “two-phase” methods and “pure K-shortest path” methods. In
Martins [3] the K-shortest path method was used and the problem was solved by first finding
an upper bound on one criterion and then using a K-shortest path procedure to find all
efficient solutions below that upper bound. The method seems to be slow, since there are too
many paths to search [16]. In Mote [16] a two-phase approach was considered. The first phase
found the extreme nondominated points using an LP-relaxation and the second phase searched
for more nondominated points using a label correcting approach. More recently, interactive
approaches which find only a part of the nondominated solutions have been studied [5, 6]. Here
the two-phase method is used where the first phase finds the extreme nondominated points by
solving a sequence of shortest path problems and the second phase finds more nondominated
points by using a K-shortest path procedure. For a recent overview of solution methods for
bi-SP we refer to [21]. The two-phase method has also been used to solve other biobjective
combinatorial problems, see e.g. [24, 25].

In relevant application areas, such as transportation and telecommunications, several other
extensions of the shortest path problem have been considered. Hall [11] introduced the prob-
lem of finding the minimum expected travel time (MET) through a random time-dependent
network where arc lengths are represented by time-dependent random variables. He pointed
out that the best route through the network is not necessarily an origin-destination path, but
rather an adaptive strategy that assigns optimal successors to a node as a function of time.
Hall proposed a dynamic solution approach to finding an optimal strategy and observed that
the proposed approach only was effective on networks of limited size.

Note that the MET problem can be seen as a stochastic multistage recourse model. A
decision is taken each time we leave a node in the network and after each stage the travel
time for the path travelled so far is known (see [1]).

Pretolani [20] showed that finding the optimal MET strategy reduces to solving a shortest
hyperpath problem on a time-expanded directed hypergraph when discrete random variables
are assumed. For directed hypergraphs, shortest hyperpaths have been well examined and
fast algorithms exist, see among others [9, 12, 17].

The model in [20] has a high degree of flexibility. Optimal strategies under different ob-
jectives can be found by using suitable weights and weighting functions on the time-expanded
hypergraph. For instance the minimum expected cost problem may be considered (MEC) as
well as min-maz problems where the goal is to minimize the maximum possible cost (MMC')
or travel time (MMT). Note that travel time and cost can be treated in a uniform way since
they only differ in the way the weights are specified in the time-expanded hypergraph. For



more details on finding optimal strategies in RTDNs see [13, 20]).

Hall [11] also considered the more restrictive problem of finding a minimum expected travel
time strategy corresponding to a loopless origin-destination path in the network (METP).
This amounts to finding an optimal path-strategy, that assigns to each node the same succes-
sor arc for each possible departure time. Note that the METP problem can be seen as the a
priori (non-adaptive) version of the MET problem, since no decisions are taken in the nodes.
Hall observed that METP cannot be solved by standard shortest path methods, and proposed
an enumerative solution method. However, he provided no computational complexity results.
Later, METP has been proved [20] to be N'P-hard also for non-random time-dependent net-
works. Recently, some algorithms for METP have been proposed [15]. Furthermore, a bicri-
terion version of METP has been considered, where efficient path-strategies are searched [14].
Here the first criterion is the expected travel time while the second is the expected cost.
The algorithm provided in [14] guarantees that all the efficient solutions can be obtained.
However, this would take an enormous computational effort, due to the inherent difficulty
of METP. Therefore, the use of a heuristic to produce a subset of the efficient solutions was
suggested.

Despite the attention paid to bicriterion problems in the a priori case, i.e. finding efficient
path-strategies, no one (to the authors’ knowledge) has yet considered the adaptive case,
that is, finding efficient strategies. This topic is addressed in this paper. Here we model
bicriterion strategies in terms of bicriterion hyperpaths in the time-expanded hypergraph.
Therefore, our goal is to find efficient hyperpaths, that is, solving the bicriterion shortest
hyperpath problem, refereed to as bi-SHP.

We focus mainly on expected travel time and cost criteria, already treated in the a prior:
case [14]. We first consider the parametric weight problem, that is, finding a hyperpath
that minimizes a linear combination of the two criteria. We show that this problem can be
reduced to the standard shortest hyperpath problem. As a consequence, the set of extreme
nondominated hyperpaths can be determined by solving a sequence of shortest hyperpath
problems. Moreover, effective K-shortest hyperpath procedures (see [19]) can be used to rank
the hyperpaths in nondecreasing order of parametric weight. In light of the above results, we
can devise a two-phase algorithm for bi-SHP, thus extending the existing methods for bi-SP.
Unfortunately, the computational effort required to enumerate all the efficient solutions may
be prohibitive, due to the huge number of hyperpaths that must be considered. Therefore,
we propose some heuristic techniques that can be used to produce a subset of the efficient
hyperpaths.

We also consider min-mazx criteria, that is, the minimization of the maximum possible
travel time or cost. In this case however, we cannot solve the parametric weight problem
efficiently. Nevertheless, we propose heuristic procedures that can be used to find a “good”
set of possibly efficient hyperpaths.

The paper is organized as follows. Directed hypergraphs and random time-dependent
networks are introduced in Section 2. The bicriterion shortest hyperpath problem is described
in Section 3 and different procedures are developed. In Section 4 computational results are
reported. Finally, we summarize original contributions and topics for further research in
Section 5.



2 Directed Hypergraphs

A directed hypergraph is a pair H = (V,€), where V = (v1,...,v,) is the set of nodes, and
E = (e1,...,em) is the set of hyperarcs. A hyperarc e € £ is a pair e = (T'(e), h(e)), where
T(e) C V denotes the set of tail nodes and h(e) € V \ T'(e) denotes the head node. Note
that a hyperarc has exactly one node in the head, and possibly several nodes in the tail. A
more general class of hypergraphs, where hyperarcs can have several nodes in the head, was
introduced by Gallo et al. [9]. The class of hypergraphs considered here were denoted as
B-graphs in [9].

The cardinality of a hyperarc e is the number of nodes it contains, i.e. |e| = |T'(e)| + 1.
We call e an arc if |e| = 2. The size of ‘H is the sum of the cardinalities of its hyperarcs:

size(H) = Z le] .

ec&

Without loss of generality, we assume size(H) > n. We denote by

FS(u)={ec&|lueT(e)}
BS(u) ={ee€ & |u=nh(e)}

the forward star and the backward star of node u, respectively. A hypergraph H = (f/, I3 ) is a
sub-hypergraph of H = (V,€),if YV CV and £ C £. This is written H C H or we say that H
is contained in 'H.

A path Ps in H is a sequence:

Pst - (5 = 11, €1, V2, €2, ...,eq,Uq+1 - t)

where, fori =1,...,q, v; € T(e;) and v;41 = h(e;). A node v is connected to node u if a path
P, exists in H. A cycle is a path Py, where t € T'(e1). This is in particular true if ¢t = s. If
‘H contains no cycles, it is acyclic.

Definition 1 Let H = (V, £) be a hypergraph. A wvalid orderingin H is a topological ordering
of the nodes
V ={ui,ug,...,un}

such that, for any e € &, if h(e) = u; and (u; € T'(e)) then j < .

Notice that, in a valid ordering any node u; € T'(e) precedes node h(e). The next theorem
has been proven by Gallo et al. [9], and generalizes a well-known property of acyclic directed
graphs:

Theorem 1 H is acyclic if and only if a valid ordering of the nodes in H is possible.

Note that a valid ordering in an acyclic hypergraph is in general not unique, which is also the
case for acyclic directed graphs. An O(size(H)) algorithm finding a valid ordering is given
in [9].



2.1 Hyperpaths and hypertrees

Consider a hypergraph H = (V,&). A hyperpath mg of origin s and destination t, is an
acyclic minimal hypergraph (with respect to deletion of nodes and hyperarcs) Hy = (Vir, Ex)
satisfying the following conditions:

1. & C€&

2. 8,6 € Vi = Ueeg, (T(e) U{h(e)})

3. u € V;\ {s} = uis connected to s in H.

We say that node t is hyperconnected to s in H if there exists in H a hyperpath ms. Note
that condition 3 and the minimality imply that, for each u € V; \ {s}, there exists a unique
hyperarc e € &, such that h(e) = u; hyperarc e is the predecessor of u in 7s. Furthermore,
condition 3 can be replaced by:

4. BS(s)=0; |BS(w)|=1 VYveN.
where N' =V \ {s}. The definition of hyperpath can be extended to hypertrees.

Definition 2 A directed hypertree with root node s is an acyclic hypergraph 7, = ({s} U
N, Er) with s € N satisfying condition 4.

It is not difficult to show that a directed hypertree 7, = ({s} UN, E7) contains a unique s-u
hyperpath for each node u € N. Moreover, 7, can be described by a predecessor function
p: N — &; for each u € N, p(u) is the unique hyperarc in 7; which has node u as the head.

Example 1 An hypertree 7 in an acyclic hypergraph is shown in Figure 3 with bold lines (see
Section 2.3) which is the union of hyperpaths with origin s. For instance, for the hyperpath
from s to ag we have

Vﬂ‘ — {Sad37d4ad5762a037b1ab27a0}7 gﬂ‘ = Uvévﬂ—p(v)
A path Py, from s to ag is Psay = (s, ({s},ds),ds, ({ds},b1), b1, ({b1,b2},a0), ao). ]

2.2 Shortest and K-shortest hyperpaths

Consider a hypergraph H where each hyperarc e is assigned a non-negative real weight w(e).
Given a hyperpath 7g in H, a weighting function W, assigns a weight Wy (u) to each node
u in 7g. The weight of hyperpath g is Wi(¢). In particular, we consider additive weighting
functions, that can be defined by the recursive equations:

Wi (u) = { w(p(u)) + F(p(u)) w€ Vr\{s} (1)

0 uU=Ss

where F'(e) is a nondecreasing function of the weights of the nodes in T'(e). Several additive
weighting functions have been introduced in the literature; here, we consider two of them,
namely the distance (see [9]) and the mean. The distance function is obtained by defining
F(e) as follows:

F(e) = nax, {Wx (v)}
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and the mean function is obtained as follows:

Fle)= Y ac(v)Wx(v)

veT (e)

where a(v) is a nonnegative multiplier defined for each hyperarc e and node v € T'(e) satis-
fying that the multipliers sum up to one for each hyperarc, i.e.

Z ac(v)=1, Veef.

veT (e)

The distance (mean) of a hyperpath 7y is the weight of mg with respect to the distance
(mean) weighting function. Trivially, for each hyperpath the mean is a lower bound on the
distance.

Note that the mean of an s-t hyperpath 7w defined by the predecessor function p can be
written as:

Wirg)= S fa(wuw(p(w)) (2)

uw€Vr\{s}

where f, is defined by the following recursive equations:

1 u=t

f“”:{zﬁmw%mﬁM@> weVi\ fs1} o

Intuitively, fr(u) is the “contribution” of the node weight W, (u) to the hyperpath weight
W (mst), and can be computed by processing the nodes backwards according to a valid ordering
V for w. More precisely, the following proposition holds.

Proposition 1 Given any valid ordering V of the nodes in the hyperpath m, we have that
frx(u) does not depend on the values of f, for nodes that precede u in V.

Example 2 A hyperpath 7 is shown in Figure 1; the weight w(e) is given close to each
hyperarc e. We consider the mean weighting function, where multipliers are defined as:
ae(u) = 1/2 if |[T(e)] = 2 and a.(u) = 1 otherwise. The weight W (u) is reported inside each
node u; the number close to u is fr(u). ]

The shortest hyperpath problem consists in finding the minimum weight hyperpaths (with
respect to a particular weighting function) from an origin s to all nodes in H hyperconnected
to s. The result is a shortest hypertree 7, which provides minimum weight hyperpaths to all
hyperconnected nodes. The shortest hyperpath problem has been shown to be polynomially
solvable provided that the hypergraph does not contain decreasing cycles. In this situation,
quite efficient procedures for finding the shortest hypertree exist, see [9] for a general overview.
In this paper we shall concentrate on acyclic hypergraphs, that clearly contain no decreas-
ing cycles. For this particular case, a simple and fast shortest hyperpath procedure exists
(procedure SFT-Acyclic, see [9]) the computational complexity of which is O(size(H)).

The K -shortest hyperpaths problem consists in ranking the first K s-t hyperpaths in non-
decreasing order of weight, with respect to a given weighting function, and for a given pair
of nodes s and ¢t. In a more general version, that we shall consider here, all the hyperpaths
with weight up to a given upper bound must be ranked. This problem can be considered as
a hypergraph extension of the classical K-shortest paths problem in graphs.



Figure 1: The hyperpath 7.

Efficient algorithms for K-shortest hyperpaths were developed in [19]. These algorithms
are based on an implicit enumeration method, where the set of solutions is partitioned into
smaller sets by recursively applying a branching step. Given the hypergraph H, denote by II
the set of hyperpaths from s to t. Assume that a shortest hyperpath 7 is known with valid
ordering

V=(s=ui,ug,...,ugt1 =1)

In the branching step, the set IT\ {7} is partitioned into g subsets II, 1 < i < q as follows:

- s-t hyperpaths in II? do not contain hyperarc p(uq+1), that is p(t);

- for 1 < i < ¢, s-t hyperpaths in II' contain hyperarcs p(u;), i +1 < j < ¢+ 1, and do
not contain hyperarc p(u;+1).

In this case, finding a shortest hyperpath 7¢ € II’ reduces to solving a shortest hypertree
problem on a hypergraph H*, obtained from H as follows:

- for each node u;, i +1 < j < ¢+ 1, remove each hyperarc in BS(u;) except p(u;);

- remove hyperarc p(u;+1) from BS(uijt1).

We say that H is obtained from H by branching on node u;,1. As a consequence, each set IT°
can be represented by the corresponding hypergraph H'. A branching operation on m returns
the set of hypergraphs B(H) = {H® : 1 < i < q}, representing the partition {II' : 1 < i < ¢}
of IT\ {r}.

The algorithms developed in [19] maintain an ordered list L of subproblems; each subprob-
lem corresponds to a particular subhypergraph H. At each step, a subproblem is selected from



Figure 2: The topological network G.

L, and the shortest s-t hyperpath 7 in H (if any) is stored. Then, branching is applied to T,
adding to L the returned hypergraphs. The various algorithms differ in the way subproblems
are ranked in L.

In the basic version (procedure Yen) each subproblem is ranked according to the weight
of the shortest hyperpath 7 in H. In a faster version (procedure LBYen) problems are ranked
according to a lower bound on the weight of the shortest hyperpath. In this way, hyperpaths
are not necessarily stored in the right order; however, the following property holds:

Property 1 When a subproblem with lower bound Ib is selected from L, all the hyperpaths
with weight less than (b have been stored.

Thus both procedures Yen and LBYen can be used to find all hyperpaths with weight up to
a given upper bound. Furthermore, it can be proved that the lower bound used in procedure
LBYen gives the actual shortest hyperpath length on acyclic hypergraphs. Therefore, for this
particular case, a specialized and quite efficient version of procedure LB Yen can be devised,
denoted as AYen.

Procedure LBYen can also be adapted to the case where we do not have a lower bound
on the hyperpath weight, but just an estimate. In this case, Property 1 does no longer hold,
i.e. procedure LBYen becomes a heuristic method for generating “good” hyperpaths. Clearly,
the quality of the method depends on the tightness of the estimate. An application of this
approach, based on a particular estimate function, will be discussed in the following sections.

2.3 Random time-dependent networks

In a random time dependent network (RTDN), the travel time through an arc is a random
variable the distribution of which depends on the departure time. In particular, we concentrate
on discrete RTDNs, where both departure and travel times are integers in a finite interval.

As shown in [20], directed hypergraphs can be used to model discrete RTDNSs; the mini-
mum expected travel time problem (MET) then reduces to solving a suitable shortest hyper-
path problem. We illustrate the hypergraph model by means of the following example.

Example 3 Counsider the topological network G = (N, A) in Figure 2, where a is the origin
node and d is the destination node. Recall that travel times along arcs in G are discrete,
integer valued random variables. For each arc in GG, the possible departure and arrival times
are listed in Table 1. Here a pair ((7,j),t) corresponds to a possible leaving time ¢ from
node ¢ along arc (i, j), while I(4,j,t) denotes the corresponding set of possible arrival times



(i,9),t [ (a,0),0](6,¢),1](b,¢),2] (b,d), 1] (b,d),2] (b,d), 4] (c,d),2] (c,d),3
1(i,g:t) || 11,2} | 2,3} | {3} | {3y | {56} | {6,7} | {3,4} | {45}

Table 1: Input parameters.

Figure 3: The time expanded hypergraph H.

at node j. For the sake of simplicity, we assume that each random variable has a uniform
distribution, i.e. the probability of arriving at time ¢’ € I(i,j,t) is 1/|1(i, j,t)|. For example,
if we leave node ¢ at time 2 along arc (¢, d) we arrive at node d at time 3 or 4 with the same
probability 1/2. Clearly, any discrete distribution would fit here.

Observe that it is not possible to arrive at node b (from node a) at time 4, however, it is
possible to leave node b (towards node d) at time 4. Here we assume that a passenger arriving
at node b at time 2 can wait in node b until time 4, and then proceed along arc (b, d); we also
assume that waiting is not allowed elsewhere.

Given G and Table 1, a time expanded hypergraph H =(V,E) can be defined as follows.
Introduce a node #; for each possible departure or arrival time ¢ from/at node i. For each
pair ((i,7),t) create a hyperarc e;;(t) = ({jn : h € I1(i,4,t)},4). Moreover, introduce an arc
({b4}, b2) to represent waiting at node b from time 2 to time 4. Finally, a dummy node s
and dummy arcs e (t) = ({s},d;) are created. The time expanded hypergraph H is shown
in Figure 3; numbers close to nodes will be explained later. Note that the orientation of the
hyperarcs is opposite to the orientation of arcs in G, and that solid lines define a hypertree
7, in H. ]

As shown in [20], each strategy in G is represented by a hypertree 7; in H; the predecessor



p(i¢) in 75 provides the successor (an arc in i) for node i at time ¢. For example, the hypertree
in Figure 3 states that if we leave node b at time 1, then we travel along arc (b,d), while if
we leave node b at time 2 we travel along arc (b, c).

Let us assign the following weights and multipliers to the hyperarcs in H:

e For each arc e = ({u},v) in H, let ac(u) = 1;

e For each hyperarc e = e;;(t), and for each node u = jy € T'(e), ac(u) is the probability
of arriving in j at time ¢’ € I(i, j,t), thus a.(u) = 1/|T(e)| in Example 3;

e Assign a weight ¢ to each arc e4(t);

e Assign weight zero to the remaining hyperarcs.

Consider a strategy represented by hypertree 7;. It can be proved [20] that the expected
arrival time at the destination for a traveller leaving node ¢ at time ¢ is given by the mean
W (i;) of the unique hyperpath from s to i; in 7. Clearly, given the pair (i,t), arrival time
and travel time coincide, up to the additive constant ¢. Therefore, MET reduces to finding
optimal expected arrival times, i.e. to a minimum mean hyperpath problem in H.

The hypertree 7, in Figure 3 represents the strategy that minimizes expected arrival times
for each node and departure time. Expected arrival times are given, close to each node.

Optimal strategies under different objectives can be found by using suitable weights,
multipliers, and weighting functions. For instance, the goal may be to minimize expected
cost (MEC). Here the problem reduces to solving a shortest hyperpath problem on H using
the mean weighting function, with weight w(e;;(t)) equal the cost of leaving node i at time
t travelling along arc (4,7). Similarly the minimization of the maximum possible travel time
(MMT) or cost (MMC) reduce to a shortest hyperpath problem on H using the distance
weighting function, with the same weights as MET and MEC, respectively.

Note that the time expanded hypergraph is acyclic: a valid ordering is obtained by ranking
nodes in reverse order of time. In addition, the size of H is proportional to the size of the
input data. Since the minimum mean/distance hyperpath problem in acyclic hypergraphs
can be solved in linear time, we have that the above problems can be solved in linear time.
Additional features, such as time windows, can easily be introduced in the model, but are not
considered in this paper.

3 Bicriterion shortest hyperpaths

In this section we consider the bicriterion shortest hyperpath problem (bi-SHP) which is
the extension to directed hypergraphs of the bicriterion shortest path problem (bi-SP). It
is evident that bi-SHP has a much richer structure than bi-SP due to the possible choices
of weighting functions. Furthermore, combinations of different weighting functions are now
possible. Nevertheless, the standard terminology usually adopted in the formal treatment
of bi-SP immediately extends to bi-SHP. Therefore, here we introduce the terminology for
bi-SHP directly, and consider bi-SP as a particular case. After a formal statement of the
problem, we introduce the two-phase method for bi-SP. Then, we discuss the parametric
weight shortest hyperpath problem, which is then used to devise a two-phase method for
bi-SHP. Recall that we are interested in acyclic (time expanded) hypergraphs.
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We focus on the situation where for both criteria the goal is to minimize the expected
travel time (MET) or cost (MEC). Both MET and MEC reduce to a shortest hyperpath
problem for the mean weighting function, and can be treated in a uniform way. The resulting
problem, i.e. finding efficient hyperpaths for two mean weighting functions, is denoted as
bi-SHP 1 /.-

We also consider min-max criteria here, that is, the minimization of the maximum possible
travel time (MMT) or cost (MMC). This reduces to finding shortest hyperpaths for the
distance function. The case of two distance functions (bi-SHPg/4) and the case where the
first criterion corresponds to mean while the second one corresponds to distance (bi-SHP,,;q)
are considered.

Given a hypergraph H, assume that each hyperarc e is assigned two real weights wy(e)
and wsy(e). Furthermore, let W; (7), i = 1,2 denote the weight of hyperpath 7 using weights
wi(e). The bicriterion shortest hyperpath problem (bi-SHP) can now be informally stated as
follows:

mip { (W (), Wa(r))} (@

where II is the set of possible s-t hyperpaths. Here, minimization is intended in terms of
Pareto-optimality, that is, finding hyperpaths where the two weights are minimal in the sense
that we cannot improve one weight without worsening the other. In order to formally define
problem (4), we need a few definitions. We follow the terminology of [21].

Definition 3 A hyperpath w € I1 is efficient if and only if
Bhyperpath 7 € 1 : Wi (7) < Wy (w) and Wa(7) < Wa(7)

with at least one strict inequality; otherwise 7 is inefficient.

Efficient hyperpaths are defined in the decision space II, and correspond to points in the
criterion space:
W:{W(W)EIR2|7TEH}

where W (r) € IR? is the vector with components Wy (m) and Wo(r).

Definition 4 A point W (7) € W is a nondominated criterion point if and only if 7 is an
efficient hyperpath. Otherwise W () is a dominated criterion point.

Let us define
Iy = {7 € II| 7 is efficient }
Wy = {W(r) € R? |7 € Ix }

Now we are in a position to explain what “solving” problem (4) means. It means finding the
set of efficient hyperpaths Ily, or equivalently, the set of nondominated criterion points Wy.

The criterion points can be partitioned into two kinds, namely supported and unsupported.
The supported ones can be further subdivided into extreme and nonextreme. To this aim, let
us define the following set

W= = conv(Wy) & {w € R* | w > 0} ;

where @ as usual denotes direct sum, and conv(W) denotes the convex hull of W.

11



Figure 4: The criterion space.

Definition 5 W (1) € Wy is a supported nondominated criterion point if W () is on the
boundary of W=2. Otherwise W (r) is unsupported.

Definition 6 A supported point W (7) is extreme if W (7) is an extreme point of W=. Oth-
erwise W () is nonextreme.

Notice that unsupported nondominated points (in fact, all vectors in W) are dominated
by a convex combination of extreme supported points [23]. It is well known that a set of
nondominated points & = {Wl, W2, ..., Wk} C IR? can be ordered such that:

WE<WE<..<WF  Wi>Wis>..>W

We call ® an ordered nondominated set. In the following, we use the term frontier to denote
the ordered nondominated set of extreme supported points in W.

We shall also need the concepts of e-domination and e-approximation. The definitions
below follow the terminology given in [26].

Definition 7 A point (W7, W3) e-dominates point (Wl, Wg) if

le(l—E)Wl, WQZ(l—é‘)WQ
Definition 8 A nondominated set ®; is an e-approximation of another nondominated set

®,, if for each point W e ®5 there exists W € ®; such that W e-dominates w.

Example 3 (continued) Assume that some hyperarcs in Figure 3 are assigned two weights
as shown in the following table; the remaining hyperarcs are assigned zero weights.

€ab (0) (&% (1) €pd (1) (&% (2) €pd (2) €pd (4) Ced (2) €ed (3) €g (5)
(1,1) | (0,1) | (6,0) | (0,4) | (2,0) | (4,0) | (0,2) | (0,2) | (0,4)

In this particular case there are 6 hyperpaths from node s to node ag depending on the
choice of predecessor in node by and bs. In the criterion space the corresponding vectors W =

12
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Figure 5: A triangle defined by W% and Wt!.

(W1, Ws) are given by: Wl = (1,7), W2 = (2,4), W3 = (4,5), W* = (3,3), W5 = (5,2)
and W% = (6,1). These points are illustrated in Figure 4; the frontier consists of the four
points W, W2 W4 and W¥; solid lines joining points in the frontier belong to the boundary
of WZ. Note that the frontier defines three triangles, shown with dashed lines, where it may
be possible to find unsupported nondominated points such as W9. Points which do not lie
inside the triangles such as W3 are dominated.

]

The two-phase approach as the name suggests, splits the search for nondominated points
into two phases. In phase one the frontier is determined using a NISE approach (see [4]);
this defines the triangles in which further nondominated points may be found. Phase two
proceeds to search the triangles one at a time.

Graphically, the triangle search resembles a “sweeping line” procedure, as illustrated in
Figure 5. The line containing the two points W* and W#*! is moved upwards, and a point
W (7) is considered when the line intersects it. In principle, the line should span the whole
triangle, up to the vertex marked ubg in Figure 5. However, when a new nondominated point
is found inside the triangle, the upper limit can be updated to uby, since the remaining part
of the triangle cannot contain efficient points.

Computationally, the two-phase method requires to solve shortest hyperpath and K-
shortest hyperpaths problems with respect to a parametric weight, that is a linear combi-
nation of the two criteria. These problems will be considered next. The two-phase method
for bi-SHP, as well as some approximated variants, will be described in detail later.

3.1 The Parametric Weight Problem
Let v : (ILIR') — IR" denote the parametric weight of a hyperpath n:

7 (mA) = Wi(m)A + Wa (7).

Given A > 0, the parametric weight shortest hyperpath problem, denoted by SBT())!, consists
in finding a hyperpath with minimum parametric weight. We shall denote by v(\) and 7(\)
the minimum parametric weight and an optimal hyperpath (there may be many) for SBT()\),
respectively.

LSBT is used in [9] for shortest B-tree, i.e. shortest hypertree.
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For a fixed A, consider the hyperpaths with the same parametric weight J; clearly, the
corresponding points in the criterion space belong to the same straight line, defined by the
equation:

AW+ Wy =4 (5)

Therefore, solving SBT(A) amounts to finding the minimum parametric weight § such that the
corresponding line (5) intersects V. It follows immediately that for each A a hyperpath with
minimum parametric weight corresponds to a supported point. Note also that, for increasing
0, line (5) moves upwards. In other words, the triangle search used in the two-phase procedure
corresponds to a K-shortest hyperpath procedure, where hyperpaths are ranked according to
their parametric weight with A = (W§ — Watt)/(With — w)).

It is well known that, as long as directed graphs are considered, SBT(\) reduces to solving
a standard shortest path problem where each arc a is assigned a weight w)(a) = wi(a)\ + wa.
Remarkably, this property can be extended to the bi-SHP,,, /,,, case. Let Hy = (V,£) denote
the hypergraph in which the weight on each hyperarc e € £ is wy (e) = w; (e) A+ w2 (e). The
following theorem holds.

Theorem 2 Consider problem SBT(A) for the bi-SHP,, ,,, case, and let Wy(m) denote the
mean of a hyperpath 7 in H). For every A > 0 and for every m € II we have that W) (7) =

y(m, A).

Proof It suffices to write the mean W) () of the s-t hyperpath 7 according to (2):

Wi(m) = Y fr(w)ws(p(u)

u€Vr\{s}

= > (Rww@)) + (frwwa(p(w))
ueVr\{s}

=AY f@uwip@)+ Y fe(wws(p(u)
u€Vr\{s} u€Vr\{s}

= ~(m, A).

Unfortunately, a result similar to Theorem 2 does not hold for bi-SHP,,4, as shown by the
following example.

Example 3 (continued) Consider the hypergraph in Figure 3, and assume A = 1. The
minimum distance s-ag hyperpath 7 in H) has weight W) (7) = 8. However, if we consider the
two distance functions separately, the minimum parametric weight in H is y(1) =5+ 7 = 12.
|

Note that in the above example we have Wy (r) < «(A). This property holds true in
general as shown in Theorem 3 below.

Theorem 3 Consider problem SBT(XA) for the bi-SHP,/; case, and let W)y(7) denote the
distance of a hyperpath 7 in H). For every A > 0 and for every m € II we have that
Wy () < ~(m, A).
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Proof For each u in 7w, denote by Wy (u), Wi(u) and Wa(u) the distance of node u in 7 with
respect to the weights wy, wy and wa, respectively. Consider a valid ordering V' = (uy, ..., up)
for m. We shall prove by induction that for each w; in V, Wy(u;) < Wi(ui)A + Wa(u;).
The property clearly holds for u; = s. Assume now that the property holds for each node
preceding v = u; in V. Then

Wi(u) = max {Wx(v)} +wx(p(w))

veT (p(u))
= amax W)} +u(p()A -+ wa(p(u)
< (L max (Wa()}+un(p@))A + (| max (Wa(o)} + ws(p(u)
= W1 (u)A + Wa(w).
Hence we have that Wy(mr) < ~(, ). n

A similar result holds for the bi-SHP,, 4 case. The proof is not presented here, but it
follows the same kind of reasoning as the proof of Theorem 3.

Theorem 4 Consider problem SBT(A) for the bi-SHP,, /4 case, and let W)(m) denote the
mean of a hyperpath 7 in Hy. For every A\ > 0 and for every = € II we have that W (1) <
V(m, A).

In light of the above observations, SBT()) for bi-SHP 4,4 and bi-SHP,,, /4 do not reduce to a
shortest hyperpath problem on H). For these cases, we are not aware of any polynomial time
algorithm, and we conjecture that the problem is ANP-hard. Theorems 3 and 4 show that
solving a shortest hyperpath problem on H) provides us with a lower bound on y(\). This
lower bound may be weak, as we shall see in Section 4. In order to find good quality solutions
for SBT()), we also developed a greedy heuristic procedure, derived from the Dijkstra-like
shortest hyperpath procedure given in [9]. The heuristic incrementally builds a hypertree by
adding a node (and its predecessor hyperarc) at each step. For each node u not yet in the
hypertree a temporary label is maintained; this label corresponds to the parametric weight
of a particular hyperpath from s to w in H). At each step, the node with minimum label is
selected.

In our computational experience, W) (m) will be used as a lower bounding function for
SBT()), while the hyperpath returned by the greedy heuristic will be used as an estimate (or
upper bound) function.

3.2 First phase: Finding the frontier

Now consider the first phase of bi-SHP which consists in finding the frontier and the cor-
responding efficient hyperpaths. Let the ordered nondominated set ® = {W!, W?2, ... W*}
denote the frontier. At the beginning, the two points W' and W* are determined. To this
aim, we must be able to find a shortest hyperpath w.r.t. one criterion when the other one is
fixed to its minimal weight. This can be done quite easily, see for example [20].

Consider now a pair of consecutive points W¢ = W (x?) and Wil = W (zi*l) in the
subset of ® determined so far. Compute the slope of the line containing them, that is the
value A such that v(7%, \) = v(7**1, \), and solve problem SBT()). Similar to the bi-SP case,
if 7(\) < (7%, \) then () is efficient, and W (7())) is a frontier point between W and W+t
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Figure 6: Using e-dominance in the first phase (m/m case).

in the ordered set. In this case, the process is recursively repeated on the pairs {Wi, W(Tr()\))}
and {W(r(X\)), W}, If otherwise y(A) = (7", A) then either w()\) € {7’ 7'} or 7(}) is
a nonextreme supported point.

As we shall see in Section 4, the set of extreme nondominated points can be very large,
resulting in high CPU times. In some cases, we may be satisfied with an e-approrimation of
the true frontier. Consider the four extreme nondominated points in Figure 6 found during
the first phase. Any extreme nondominated points between W+ and W~ must belong to the
shaded area. In an s-approximation of the frontier no new extreme points between W™ and
W~ have to be found if each point inside the shaded area is e-dominated by either W+ or
W=, ie. if

(L—e) Wi A+ (1—e) W) <y (W) or 6

(L—e) Wy Ae+ (1 —e) Wy <~ (W2 Xg) (6)
where \; denotes the slope defined by W' and W and A, the slope defined by W?2 and W .
We omit the proof of correctness of Condition (6) here.

Procedure PhaseOne, given below, finds an e-approximation of the true frontier. The
points W and W~ are the current points used to define the slope A\ and ® is the current
ordered set of extreme points. Given a point W € ®, we let Wy,¢z+ denote the point following
W in ®@. Clearly, the true frontier is obtained by omitting the control on Conditions (6) in
Step 4. When implementing PhaseOne it is also worthwhile recording nonextreme supported
points too, as they reduce the size of the triangles to be searched in the second phase.

Procedure PhaseOne(e)

Step 1 find the upper/left point W* and the lower/right point W;
if W4 = W' then STOP (there is one nondominated point);
otherwise set ® = {W“l, W”}; W= =W,

Step 2 Wt =W~ if W+ = W then STOP;

Step 3 W~ =W, ;

Step 4 if Conditions (6) are satisfied, go to Step 2; otherwise set
A=Wy = W) /(W = Wil
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find the shortest hyperpath 7 in Hy;
Step 5 if W () is a new extreme point then set ® := & U {W (7)} and go to Step 3;
otherwise go to Step 2.

Phase one requires to solve problem SBT(A) repeatedly. Theorem 2 shows that this can
be done efficiently for the bi-SHP,,,,, case. For the bi-SHP;/; and bi-SHP,, ; cases, an
approzimated frontier can be computed by solving SBT()A) approximately (see Section 3.1).
Note that an approximate frontier may contain only a subset of the true frontier points,
and may also contain dominated points. Nevertheless, the approximate frontier defines a set
of triangles that can be searched (approximately) in phase two. Moreover, since SBT(A) is
solved approximately, it may happen that W (m) dominates some points in the current set ®
of PhaseOne. In this case, it might be necessary to remove the dominated points, thus, a
slightly more complex implementation of Step 5 is required to maintain ®.

3.3 Phase two: Looking into the triangles

After the first phase an ordered set & = {WI,W2, o Wk} has been found (which might
be an approximation of the true frontier); ® gives rise to a set of kK — 1 triangles in which
further nondominated points are searched in phase two. Note that each triangle is searched
independently, thus some triangles may be ignored, e.g. if an interactive approach [5, 6] is
adopted.

Let us consider the bi-SHP,, /,, case first, and let the current triangle be defined by W1
and W9t in ®. Note that since Theorem 2 holds W7 and W9t! are extreme nondominated
points of the true frontier. Suppose now that Conditions (6) hold, where W+ = W and
W~ = W2t In this situation, the current triangle is e-dominated by W9 or Wet! and
can be ignored if an e-approximation of the efficient set is searched. In our computational
experience, we shall apply phase two only to triangles where Conditions (6) do not hold,
referred to as “large” triangles or “gaps”.

Theorem 2 also assures that the true ranking of the parametric weights can be obtained.
We can thus search the triangle using the K-shortest hyperpaths procedure AYen (see Sec-
tion 2) until all hyperpaths which may correspond to nondominated points inside the triangle
have been found. As shown before, the maximum parametric weight to be considered is
)\quﬂ + W4, obtained from the upper right vertex of the triangle. Recall that this upper
bound can be decreased during the search, if new nondominated points are found. See [19]
for further algorithmic details.

Clearly, the efficiency of phase two depends on how many points of W lie inside the
triangle. Unfortunately, in the m/m case there may be a huge number of such points, and
hence the search procedure may be unacceptably slow. This behaviour can be intuitively
explained considering the vector fr used in (2). By looking at the recursive equations (2), the
reader can easily argue that fr(u) may be very small for some node u € w. This is true, in
particular, if hyperarc size is large and 7 contains long s-t paths. In this situation, a change in
the predecessor of node © would have a negligible impact on the two weights of the hyperpath.

More formally, consider a predecessor function p defining a hypertree in the acyclic hy-
pergraph H, and let m be the s-t hyperpath contained in the hypertree. Obtain p’ from p
by changing the predecessor of a node u in 7. It has been shown in [19, 20] that p’ defines
a hypertree, containing an s-t hyperpath 7’ # m. Considering equations (3) (we omit the
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details here) it can be shown that
W(r") =W(r) + fﬂ(u)(Wﬂ/ (u) — Wﬂ(u))

Roughly speaking, for a sufficiently small f;(u) any choice of p’(u) would give almost the
same weight of 7 and 7n’. Thus we can expect a huge number of hyperpaths with more or less
the same weights.

In order to overcome this difficulty, it is necessary to reduce the number of hyperpaths
generated by the K-shortest procedure. Consider the branching operation on hyperpath
7 in procedure AYen. Given a valid ordering V for the nodes, consider the subhypergraph
H' € B(H), where we delete the predecessor of node u = u;41 in 7. Recall that the predecessor
of the nodes following u in V are fixed, thus we have fz(u) = fr(u) for each s-t hyperpath 7
in ‘H?, according to Proposition 1. For each criterion j € {1,2}, let W;(u) denote the weight
of node u in hyperpath 7, and let m;(u) (m;(t), respectively) denote the mean of the shortest
s-u (s-t, respectively) hyperpath in H’. Note that m;(u) and m;(t) can be easily computed
by inspecting BS(u); see [19] for details.

Our goal here is to detect the situations where H? can be discarded from the list L of
subproblems under consideration. The following simple rule defines one such situation.

Rule 1 Suppose that mq(t) > Wi(m) and ma(t) > Wa(n). Then all hyperpaths of H’ are
dominated by 7.

Rule 1 considers the current branching hyperpath 7. A stronger rule can be obtained
by considering the whole set ® of nondominated points currently found in the first and
second phase. Moreover, we may adopt e-dominance, rather than pure dominance. This is
summarized in the following rule:

Rule 2 Suppose that for some W(7w) € @ it is my(t) > (1 — e)Wi(7) and ma(t) > (1 —
£)Ws (7). Then all hyperpaths of H* will be e-dominated.

While searching a triangle defined by W9 and W9t only points inside the triangle are of
interest. The following rule also considers e-dominance:

Rule 3 If my(t) > Wt (1 —¢) or ma(t) > WI(1 —¢), then all hyperpaths in H’ correspond
to points either outside the triangle or e-dominated by either W or Wa+1,

Rules 1-3 are e-safe, since they guarantee e-dominance, that is, the set of nondominated
points found by applying the rules is an e-approximation of the true set of nondominated
points in the triangle. Unfortunately, in most cases these rules do not prune enough subprob-
lems to speed up the triangle search significantly. Therefore, we must adopt an approzimated
triangle search procedure, referred to as e-search.

The goal of e-search is not to obtain e-dominant solutions; instead we simply want to
prevent the K-shortest hyperpath procedure from getting stuck due to the huge number of
almost equivalent hyperpaths. The basic idea behind e-search is quite simple: when branching
on hyperpath 7, we do not want to consider hyperpaths corresponding to points that are “too
close” to W(w). One way to prevent this is by skipping subproblem H® when f,(u) is too
small. Let us denote by 1 a lower bound on fr(u). We consequently have the following very
simple rule:
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Rule 4 If f;(u) < e; then discard subproblem H'.

In the context of random time-dependent networks, fr(a:;) denotes the probability of
arriving at node a at time ¢, according to the strategy defined by w. The s-a; hyperpath
in 7 defines a substrategy for travelling from a to the destination, leaving at time ¢; this
substrategy has a probability fr(a;) of being used. From our previous observations, we can
conclude that the hypergraph model cannot discriminate between substrategies that occur
with low probability. From a decision-maker point of view, Rule 4 simply means that low-
probability substrategies are not examined. We remark that this approach may be quite
reasonable in an on-line setting, where a situation such as “leave node a at time t” would be
considered only when - and if - the situation occurs.

Even if f(u) > £1, we can skip subproblem H' if, for both criteria, the actual improvement
that can be obtained by changing the predecessor of u is small. The maximal improvement for
criterion j at node u is Wj(u)—m;(u). As discussed above, this gives an improvement (W;(u)—
mj(u)) f=(u) at node t. If this improvement is small for both criteria we skip subproblem H".
In the following rule, the improved weights at ¢ for both criteria are compared to some
previously found nondominated point. Here, €5 denotes a lower bound on the improvement.

Rule 5 Suppose that there exists hyperpath 7 € ® satisfying Wi (7)— (Wi (u)—mi(w)) fr(u) >
(1—eq)W1(7) and W () — (Wa(u) —ma(u)) fr(u) > (1—e9)Wo (7). Then discard subproblem
H.

Note that the set of points determined by e-search e-dominates the true set of nondom-
inated points for some ¢, but we cannot determine how good the approximation is, i.e. the
value of €. However, an upper bound on € can be found for each triangle examined. To this
aim, it suffices to compute the minimum ¢ needed to e-dominate all the points in the segment
joining W7 to W9t This value is referred to as ¢, in Section 4.

Now consider the bi-SHP;,; and bi-SHP,, ,; cases. Unfortunately Theorem 2 does not
hold here, so we cannot apply procedure AYen. However, there are two possible alternatives.
First, we may apply procedure LBYen, using the lower bound function for SBT(\) discussed
earlier. In light of Property 1 (Section 2.2), we would obtain a complete method, that is, all
the hyperpaths with parametric weight below the upper bound would be obtained. A second
alternative consists in using an estimate of problem SBT()\) within procedure LBYen. As
discussed earlier, this approach provides an approximation of the required set of hyperpaths.

In fact, both alternatives will be used within e-search, and thus return an approximation.
Note that e-safe and e-search rules can be adapted to the distance weighting function, except
for Rule 4. The reason why e-search is needed is that triangles may contain quite a lot of
points, as for the bi-SHP,, /,, case. This can be explained intuitively as follows. Consider a
node v and let p(v) = e in a shortest hyperpath. Assume that v € T'(e) is a maximum distance
node, that is, W(v) = W (u)+w(e). Now suppose that we branch on a node v’ € T'(e), v’ # u:
the change in the predecessor of u does not affect W(v), unless the distance of u' becomes
greater than W (u). In other words, we may have a lot of hyperpaths with exactly the same
distance.

Finally, recall that only an approximation of the frontier can be found in the first phase.
Therefore new extreme nondominated points may be found during the second phase. If this
is the case the current K-shortest procedure is stopped and restarted on the triangles defined
by the new point. Other choices would be possible, but computational testing shows that this
choice is acceptable in terms of computation time.
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4 Computational Results

In this section we report the computational experience with the two-phase method described
in Section 3. The procedures have been implemented in C++ and tested on a 1 GHz PIII
computer with 1GB RAM using a Linux Red Hat operating system. The programs have been
compiled with the GNU C++ compiler with optimize option -O.

We also implemented a particular generator of test hypergraphs, denoted as TEGP ( Time-
Ezpanded Generator with Peaks). This program includes several features inspired by typical
aspects of road networks (congestion effects, waiting, random perturbations etc.). Note that
TEGP like other generators only models a fraction of a real network. However, it provides
alternative choices that may affect the behaviour of the algorithms.

The generator considers cyclic time periods. In each cyclic period there are some peak
periods (e.g. rush hours). Each peak consists of three parts; a transient part pk; where the
traffic increases, a pure peak part pks where the traffic stays the same and a transient part
pks where the traffic decreases again. The time horizon consists in one or more cyclic periods;
peaks are placed at the same time in each cycle.

An underlying grid graph G of base b and height h is assumed, and we search optimal
routes from the bottom-right corner node (root r) to the upper left corner node (destination
d). This choice is motivated by the fact that each root-destination path has at least b+ h —2
arcs, and there are an exponential number of such paths in G. For each arc (i, ) in G a travel
time my; € [lby, ubs] and two weights wjji, € [lby, uby|, k = 1,2, are generated. Here w;j;, and
m;; represent the weights and the average travel time out of the peaks. We refer to w;;; as
the static costs of arc (i,7). We assume that grid arcs have symmetric travel times and costs,
ie. mg; = My and Wijk = Wyik, k= 1, 2.

Let T denote the time horizon size, that is, the (finite) number of time instants in a cycle
multiplied by the number of cycles. Each node v in G is now expanded to T nodes v; in H.
Furthermore, a dummy origin node s and dummy arcs e; (t) = ({s},d;) are created. Finally,
each arc (7,7) in G is expanded to hyperarcs of the form e;; (t) = ({jn:h € I(3,5,t)},%).
Here i; denotes the leaving time from node i and I (i,7,t) the set of possible arrival times.
We assume that the travel time distribution for hyperarc e;;(t) is a rough approximation of
the normal distribution with mean p;; (¢) and standard deviation oy (). The mean p;; (t)
follows a pattern like the dotted line in Figure 7: at the beginning of a peak it increases from
mi; to m;; (14 n), where n denote the peak increase parameter, then stays the same during
the pure peak period, and then decrease to m;; again. The same is the case for the standard
deviation, which is defined by o; (t) = puj (t) where p is the standard deviation mean ratio.
Note that this setting gives higher mean travel time and higher dispersion in peaks. Waiting
arcs ({it41},4), 1 <t < T —1 for each node in G except the root and the destination can
also be generated. We consider two wait options: no waiting allowed (i.e. no waiting arcs are
generated), and waiting arcs with both weights equal to zero.

Before applying the two-phase method all the nodes and hyperarcs that do not belong
to s-t hyperpaths are deleted in a preprocessing step. This results in a hypergraph like the
one in Figure 3, where some of the nodes vy do not exist. Note that the parameters m;;, n
and p impact on the topological structure of the expanded hypergraph: larger values of these
parameters yield larger hyperarcs, and yield a smaller hypergraph after preprocessing.

The generation of the hyperarc weights takes into account three components: the static
costs, the peak effect, and a random perturbation. The peak effect for the weights is similar
to the one for travel time. For each hyperarc e;;(t) we define the costs w;j, (t) = wjji (1 + 1),
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A travel time/

Figure 7: Peak effect and random perturbation.

k=12

The random perturbation introduces small variations in the hyperarc weights, due to other
factors not intercepted by the peak implementation, e.g. special information about the cost at
exactly that leaving time. For each hyperarc e;; (t) we generate a perturbation & € [—r¢, 7¢],
where r¢ is a small percentage. Then, the weight wy(e;;(t)) of hyperarc e;; (t) becomes
wijk(t)(1 4 &). Note that wy(e;;(t)) follows a pattern like the solid line shown in Figure 7.

Many different weight options are possible with TEGP; Here, we report on three of them,
denoted as ¢/c - neg cor, ¢/c - no cor and t/c.

In the first option, both weights represent a cost, and the two costs are assumed to be
negatively correlated. This is a typical situation in hazardous material transportation, where
travel cost and risk/exposure are conflicting. In this case, the static costs wiji, & = 1,2
are generated so that if one belongs to the first half of the interval [lby,, ub,| then the other
belongs to the second half. The arcs in F'S(s) are assigned zero weights.

The second option ¢/c - no cor is similar to ¢/c - neg cor; however, here no correlation is
assumed, i.e. both weights w;j;, are generated randomly in [Iby,, uby) .

Finally, the time/cost (t/c) case can be considered. Here the first criterion corresponds
to time and the second to cost. Recall that in this case the first weight on each hyperarc is
zero and on the dummy arcs e, (¢) the first weight is . The second weight behaves like in the
¢/c cases.

Note that the weight options and the parameter r¢ do not affect the topological structure
of the hypergraph. In the following, the term hypergraph class refers to a particular setting of
the TEGP parameters (except the weight option and r¢); for each class, different hypergraphs
(i.e. different instances of the problem) can be generated by choosing different seeds.

Finally, we remark that the number of ways the options and input parameters of TEGP
can be combined are tremendously high and a large number of hypergraphs was generated
with TEGP and tested. Only a small fraction of the tests are reported here, since most of
them lead to similar results.

4.1 The mean/mean case

The tests for this case can be split into two groups. First, some preliminary tests are carried
out to point out the impact of some features of TEGP, and to justify the relevant parameter
setting. Second, tests are carried out on different weight and waiting options. In all the tests
the procedures use both e-safe and e-search rules, which are applied in the order the rules
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Class 1 2 3 4
Nodes 3342 2817 2314 1862
Arcs 102 90 81 76
Hyperarcs | 10976 9262 7612 6132
1 (pct) 0 50 100 150

Table 2: Hypergraph classes for preliminary tests (grid size 5x8).

are mentioned in Section 3. All the problems generated have been tested using e-safe rules
only. Unfortunately, as pointed out in Section 3, this led to unacceptable CPU times.

The preliminary tests were carried out to examine the effect of peak increase changes
and changes in the range of the random perturbation separately. Four hypergraph classes
were used; the number of nodes, arcs, hyperarcs after preprocessing and the peak increase
percentage n are reported in Table 2. For all classes an underlying grid size of 5 x 8 was
used. The time horizon contains one cycle of 144 time instants, i.e. 12 hours divided in 5
minute intervals. The cycle has two peaks with a total length of 5 hours (each peak period
pki-pks lasts 1 hour and 40 minutes) and the first peak starts after half an hour (¢ = 6).
The interval of possible off-peak mean travel times is [lb, ub;| = [4,8], i.e. a mean travel time
between 20 and 40 minutes. Furthermore, an off-peak cost interval [lb.,ub.] = [1,1000] is
used. The deviation mean ratio is set to p = 0.25 in all classes. Classes differ in the peak
increase percentage 1. In class 1 7 is set to zero, in class 2 it is set to 0.5, in class 3 it is set
to 1 and in class four it is set to 1.5. For the preliminary tests no waiting arcs are allowed.
Preliminary tests were run with e-safe and e-search parameters ¢ = g1 = €9 = 0.01.

First, the effect of a peak increase without a random perturbation is considered (r¢ = 0).
The four classes are considered separately. For each class two weight options were considered,
namely ¢/c and c¢/c (neg cor), and five hypergraphs were generated for each weight option.
In Table 3 we report the average frontier size (®¢) and number of triangles searched by the
second phase (Gaps). Moreover, for each triangle searched by the second phase, we recorded
the number of new nondominated points found (NDom), &, (reported in percent, see Section 3)
and the CPU time in seconds. The average and maximum values (over the five hypergraphs)
are reported in Table 3.

Table 3 shows that the frontier size grows when the peak increase grows. On the other
hand, a larger frontier tends to define smaller triangles, and this gives less nondominated
points in each triangle. In conclusion, it is relevant to model the peak effect in TEGP. Note
also that option ¢/c (neg cor) is much harder than t/c, as shown by the values of ¢,.

Next we test the effect of changing the random perturbation without a peak effect. That
is, we only consider class 1 where n = 0 and then change r¢. For each range and weight option
five hypergraphs were generated and tested with the same values of €, €1 and €5 as before.

Results are shown in Table 4 where five possible range values (reported in percent) are
considered. Like for peak increase, increasing the ranges increases the number of extreme
nondominated points. Consider the g, columns; here average and maximum &, fall when
the range increases indicating that the triangles searched become smaller and nondominated
points are found closer to the frontier. This is also reflected in the CPU columns where the
CPU time falls. We can conclude that a larger random perturbation gives easier problems.
Note that the same does not hold in the peak increase tests, hence it seems that the effect of
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NDom €a CPU
Class | ®; Gaps Ave Max Ave Max Ave Max
t/c

1 4 3 19 59 1.80 4.12  0.30 0.86

2 55 3 8 26 1.78 3.75  0.20 0.75

3 64 4 6 15 1.60 3.84 0.17 0.30

4 70 3 11 31 1.55 459 0.19 0.41

¢/c (neg cor)

1 7 6 135 690 1.55 10.46 11.42 122.08

2 140 14 20 306 1.23 10.59 4.13 168.89

3 138 9 78 589 144 4.84 17.49 189.48

4 154 8 70 308 1.88 15.42 14.42 182.26

Table 3: Preliminary tests: change peak increase 7.
NDom €a CPU
Class | r¢ | ®y Gaps Ave Max Ave Max Ave Max
t/c
1 0 4 3 19 59 1.80 4.12 0.31 0.85
1 5 36 3 5 9 1.78 4.06 0.18 0.70
1 10 | 57 3 5 9 178 4.01 0.21 0.54
1 20 | 85 3 5 21 1.82 390 0.25 0.79
1 50 | 157 3 10 37 159 3.68 0.62 3.32
c/c (neg cor)

1 0 7 6 135 690 1.55 1046 11.07 113.71
1 5 93 13 20 364 1.23 10.27 2.56  85.99
1 10 | 118 13 15 230 1.21 9.90 2.08 54.80
1 20 | 171 11 14 78 1.21 8.51 1.25  31.80
1 50 | 360 11 12 104 1.10 2.73 1.02 24.48

Table 4: Preliminary tests: change random perturbation.

the random perturbation is more relevant.

The preliminary tests show that both parameters n and r¢ must be chosen with caution.
In the final tests the peak increase is set to n = 1, while the range of the random element to
re = 0.1. A larger r¢ might results in too easy problems.

In the second group of tests, we consider four hypergraph classes with two different grid
sizes and two wait options. The grid size, number of nodes etc. after preprocessing are shown
in Table 5. The input parameters are set as discussed in the preliminary tests. For grid size
10x10 travelling from the root to the destination may take more than 144 time instances and
hence two cycles are used. We consider all three weight options mentioned above and for each
option we generate ten hypergraphs. In all tables below, average and maximal values over

the ten hypergraphs are reported.

We consider the first and second phase separately and start by looking at the results for

the first phase shown in Table 6.
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Class 1 2 3 4
Gridsize 5x8 Hx8 10x10 10x10
Nodes 2254 2263 14877 14886
Arcs 80 2262 196 14885
Hyperarcs | 7383 7405 53220 53241
Waiting no yes no yes

Table 5: Hypergraph classes for the final tests.

Class O CPU CD? CPU Gaps | zg Yr
Grid size 5x8

Lise 75 2.10| 20 0.32 2| 38 125

Le/e no cor 76 2.21 | 25 0.42 5| 78 86

Le/c neg cor | 169 4.89 | 60 1.03 10 | 170 416

21/ 183 6.03 | 32 0.58 3| 8 153

2¢/e no cor 78 244 | 22 0.43 51 63 83

2c/c neg cor | 137 4.36 | 43  0.89 10 | 147 349
Grid size 10x10

31/c 318 56.89 | 36 3.57 2 74 207
3¢/ no cor | 457 13146 | 56  4.95 4168 212
3¢/c meg cor | 761 136.36 | 105 10.01 10| 375 746
4, 437 8813 | 44 438 31112 261
Lefenocor | 221 4643 | 36 4.12 51103 109

Ae/onegcor | 319 6037 | 75 828 15223 448

Table 6: First phase (final tests).

Columns “®;” and “CPU” report the results when the exact set of extreme nondominated
points are found, while the next two columns report results when an e-approximation is found
with € = 0.01. The number of triangles searched by the second phase are reported in column
“Gaps”. Finally, x; and y; report the relative change from the upper/left point W to
the lower/right point W for the first and second criteria, defined as (W™ — W#)/W# and
(W3t — Wir) /W, respectively.

First, compare the exact results against the approximated ones. Here the number of
extreme nondominated points is significant lower for the approximation, resulting in large
savings in CPU time. This implies that the set of “large” triangles can be determined at
much lower cost by an approximate phase one. Anyway, it must be remarked that the
number of “large” triangles (column “Gaps”) is quite limited even if compared to the size of
the approximated frontier. That is, the frontier contains many points close to each other. In
this situation, a decision maker may be satisfied by the options offered by phase one, which
would make phase two redundant.

Next, let us consider the exact frontier solution and compare the different waiting possi-
bilities. For weight option t/c the number of extreme nondominated points increases when
waiting arcs with zero costs are used. A possible explanation is that waiting may make the
mean travel time a bit higher (first criterion) but may make the mean cost lower, introducing
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NDom CPU €a €p
Class U Ave Max Ave Max Ave Max Ave Max
Grid size 5x8
Ly/e 0 14 63 2,67 21,03 1,83 3,66 181 4,93
Le/eno cor | O 13 50 0,48 2,33 1,51 328 1,50 2,48
Le/c neg cor | O 16 171 0,87 25,05 1,08 2,75 141 3,77
24/ 1 22 80 28,79 104,30 1,59 4,80 1,87 5,95
2¢/c no cor | 2 39 184 3480 9586 1,72 559 2,29 7,60
2¢/c neg cor | 2 83 705 28,65 110,19 1,61 9,79 2,36 15,44
Grid size 10x10

3i/c 0 9 43 2,75 13,81 1,04 148 1,17 1,56
3c/cno cor | 0 28 232 52,79 438,43 1,22 245 159 254
3¢/c neg cor | 1 75 638 76,00 514,72 1,30 6,48 1,90 12,20
4/ 2 27 173 220,11 500,77 2,22 9,73 3,27 15,30
de/e no cor | 2 76 322 203,80 488,96 2,14 14,53 3,70 27,60
de/e neg cor | 4 134 1150 176,35 834,07 1,31 6,85 2,03 9,83

Table 7: Second phase (g1 = 0.01).

more nondominated points. Thus the upper/left point stays the same, but the lower/right
point becomes larger. This is confirmed by the values x; and y, that are larger when waiting
is allowed. For the ¢/c weight options the situation is opposite: the number of extreme points
falls when waiting is allowed. Indeed, waiting can make both weights become lower in some
cases, thus some better solutions may arise. In graphical terms, the frontier moves towards
the origin of the octant and “shrinks”, resulting in smaller values x; and y;.

Consider now the second phase. We allowed at most 10.000 hyperpaths to be generated for
each searched triangle, and we recorded the number of unfinished triangles (column U) where
the K-shortest procedure terminated before reaching the upper bound defined by the triangle.
For each hypergraph we recorded the average and maximum number of nondominated points
found inside the triangles (NDom), the average and maximum CPU time for searching a
triangle (CPU) and the average and maximum values of ¢, and ¢,. Here g, denotes the
minimum value such that, for any two adjacent nondominated points of the triangle, at least
one of the two gp-dominates the other.

Two values of the e-search parameter £; were used, namely 0.1 and 0.01. The results are
reported in Table 7 for e; = 0.01 and in Table 8 for e; = 0.1. In both tables epsilons are
reported in percent and the CPU time in seconds.

Consider Table 7 first, and observe that in general we find good results for most triangles.
The average value of ¢, is between 1.04 and 2.22 in percent, moreover, €, does not seem to be
affected by the hypergraph size. However, in few triangles poor values of ¢, are found. This
does not necessarily mean that a poor approximation of the true set of nondominated points
is found. Recall that ¢, is an upper bound on the value needed for the approximation to e-
dominate the exact solution; this upper bound might be poor in some cases. More important,
€4 is found by comparing the approximation to the frontier. High values of ¢, may be due to
the fact that the true set of nondominated points lies deep inside the triangle.

If we compare the different weight options we see that the uncorrelated cases produce
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NDom CPU €a €p
Class U Ave Max Ave Max Ave Max Ave Max
Grid size 5x8
1, 0 5 13 020 090 200 441 200 4.93
Le/e nocor | O 5 27 0.16 0.65 1.82 3.30 194 3.46
Le/c neg cor | O 6 60 0.17 1.78 123 276 1.65 3.77
2/ 0 15 85 21.80 9321 149 4.65 164 541
2¢/cno cor | 1 35 170 3298 94.70 1.62 5.68 214 7.74
2 /emegeor | 1 54 591 2014  99.67 135 6.13 1.91 11.29
Grid size 10x10
31/ 0 5 23 1.93 11.00 1.08 1.65 1.22  1.47
Bc/emocor |0 10 88 275 2410 1.35 254 171 3.25
3c/c neg cor | 0 10 141 6.85 340.05 1.13 2.00 1.55 3.05
4/ 1 23 147 233.95 499.77 2.13 9.73 3.14 15.30
defe no cor | 2 61 219 185.27 491.26 2.03 14.57 3.50 27.66
4e/c neg cor | 2 52 350 93.17 502.56 1.19 536 1.79 7.61
Table 8: Second phase (¢; = 0.1).
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Figure 8: Changing ¢; in a difficult triangle.
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fewer nondominated points than the correlated one. This is a well known behaviour in the
bi-SP case, see e.g. [22]. Not surprisingly, the ¢/c option seems to find even fewer points than
¢/c (no cor), since for t/c, we use a zero first weight on each hyperarc. Clearly, the CPU
time grows significantly for the larger hypergraphs. Moreover, CPU time is affected by the
introduction of waiting, since the solution space increases.

Now consider Table 8, where €1 = 0.1 has been used. Here Rule 4 is stronger, thus a
worse approximation may be expected; this is actually the case when waiting is not allowed,
indeed the average value of ¢, grows. However, the increase in ¢, is small and good savings




in CPU time can be obtained. Moreover, for the zero cost waiting €1 = 0.1 yields better
approximations, and fewer unfinished gaps. Note also that the number of nondominated
points inside a triangle falls, but the “space” between adjacent points, i.e. €y, tends to decrease.
We may argue that a higher value of €; makes the triangle search less selective but faster, and
allows to search “deeper” in the triangles. The effect of increasing €1 is shown in Figure 8,
where we consider one difficult gap, and plot the results obtained with e; = 0.01, e; = 0.1 and
g1 = 0.2. Here a lot of points close to the two vertices of the triangle are found when ¢; = 0.01
is used, but the search stops (k = 10000) before the whole triangle is searched resulting in
large values of ¢, and €. For increasing e; fewer points are generated, but the triangle is
searched deeper, and a better overall approximation is found. However, note that many points
found with €1 = 0.01 dominate the points found with ; = 0.2. Similar observations can be
made for the parameter €3, too.

Finally, a few short remarks can be made about the “success rate” of Rules 1-5. Here,
the “success rate” of e.g. Rule 1 is the number of sub-hypergraphs discarded due to the
application of Rule 1 divided by the total number of sub-hypergraphs. All the rules proved to
be useful in reducing the search space, except perhaps Rule 3, whose success rate was below
1% (the success rate is higher in the distance/distance case). Obviously, the success rate of
the rules depend on the order in which they are applied. For example, the success rate of
Rule 5 which is tested after Rule 4 dropped from 23% for e; = 0.01 to 3% for e; = 0.1.

4.2 The distance/distance case

As pointed out in Section 3 this case is harder to solve, since we cannot solve SBT(\) exactly.
Here, we compare several approximated versions of phase two, based on different settings. For
each generated hypergraph, the best solutions found with the different settings were merged
into a nondominated set ®;, representing the best known solution of the problem instance.
Since the true frontier cannot be computed in this case, we used ®, as a benchmark for
comparing the relative performance of the various settings.

Only one weight option, namely ¢/c neg cor, is considered here. Note that the t/c option is
not relevant in this context. Indeed, the maximum distance with respect to the time criterion
cannot be greater than the time horizon. Thus, efficient solutions can be found rather trivially
by solving minimum cost hyperpath problems for different settings of the time horizon. This
simpler approach can be much more effective in practice.

Let us first consider the first phase. Here an approximation is found by using both the
estimate and the lower bound function. The number of frontier points (®¢) and the CPU
time was recorded. Moreover, the € needed for the approximated frontier to e-dominate the
frontier in ®; is reported. The results, shown in Table 9, show that the number of frontier
points is much smaller compared to the m/m case and hence larger triangles have to be
searched. Furthermore, only a rough approximation of the frontier in ®; is obtained (g,
between 4.66 and 6.54 percent). However, recall that in the second phase a triangle search is
restarted if a new extreme nondominated point is found.

For what concerns the second phase, let us consider in detail the use of the estimate
function. Clearly, this function does not rank hyperpaths exactly. This can be seen in Figure
9 where an example of the ranking of the parametric weight for a triangle using the estimate
function is shown. Suppose that the search is stopped as soon as the first weight over the upper
limit ub is generated. In this case, we may miss some (possibly efficient) hyperpaths with
weight below wb. This difficulty can be faced as follows. Split the sequence of hyperpaths
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Class | &y CPU ¢g,

1 6 0.79 4.66
9 1.48 5.90
12 35.54 6.54
15 1826 6.53

=W N

Table 9: Results frontier approximation (d/d case - ¢/c neg cor).
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Figure 9: Ranking of hyperpaths when the estimate function is used.

generated by the K-shortest hyperpath procedure of a triangle search into sub-sequences of
length [, as shown in Figure 9. For each subsequence, compute the minimal weight w of the
estimate function, and stop the search if w > ub. Thus, the search may stop after generating
k =1,2l,3l,... hyperpaths (k = 61 in Figure 9).

The estimate function was used with e-safe and e-search, with eo = 0.01. Four different
values of | were preliminary tested, namely, [ = 1,10, 20, 50; we only report [ =1 and [ = 10
here, since greater values of [ did not improve the solution significantly. We also used the
lower bounding function with e-safe and e-search. In these cases, at most 10,000 hyperpaths
were allowed for each triangle. Finally, we performed one test with the estimate function and
e-safe rules only; in this case, only 100 hyperpaths were allowed.

The results for the four settings are shown in Table 10, where “Gaps” denotes the number
of triangles defined by the frontier when the second phase stops, “New;” the average number
of new extreme points found, and “eg,” the average and maximum value needed for the points
to dominate each triangle of ®,.

First of all, observe that the quality of the approximations is relatively stable in the four
settings. As expected, the choice [ = 10 gives better results than [ = 1, without increasing
the CPU times. Moreover, the estimate performs better than the lower bound; this may
suggest that the lower bounding function is not tight enough, hence a lot of hyperpaths with
parametric weight above the upper bound of the triangle are generated.

The most interesting results are obtained when the estimate function is used with e-safe
rules. In this case, the search procedure is expected to be more accurate, since less hyperpaths
are skipped with respect to e-search. This is actually the case, since more new frontier points
are found using e-safe rules. However, the procedure quickly begins to stall, i.e. the parametric
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NDom CPU €y Ed,
Class | Gaps Ave Max Newy Ave Max Ave Max Ave Max
Estimate function (e-safe and e-search. [ = 1)
1 6 2 8 1 0.19 0.63 5.84 2243 2.04 10.95
2 10 4 26 1 18.20 111.05 2.73 18.66 1.10 7.92
3 12 3 12 1 3.51 21.60 3.73 25.30 1.23 8.59
4 17 9 94 1 459.99 2186.61 2.00 23.49 0.65  7.38
Estimate function (e-safe and e-search. | = 10)
1 6 2 8 1 0.54 1.76 5.57 2243 139 7.99
2 10 4 26 1 12.20 108.09 2.68 18.66 1.04 7.92
3 12 3 12 2 6.38 2787 3.66 2530 1.15 6.85
4 17 9 94 2 309.08 2185.27 1.92 2349 0.58 7.38
Ib function (e-safe and e-search)
1 6 2 7 1 0.27 1.06 5.06 23.10 3.07 16.67
2 10 3 20 1 12.62  165.83 2.48 1221 1.26 7.74
3 12 3 12 5) 89.13 34544 3.v3 2530 1.10 15.09
4 17 6 47 1 591.01 3987.53 2.46 24.33 1.01 11.91
Estimate function (e-safe | = 50)
1 6 2 7 2 2.84 10.74 5.72 36.34 2.09 18.26
2 10 1 3 10 2.00 6.63 5.33 29.26 2.08 12.67
3 12 3 12 ) 89.13 34544 3.61 25.30 1.10 15.09
4 16 1 6 16 17.48 80.40 4.62 31.24 2.24 14.08
Table 10: Results second phase (d/d case - ¢/c neg cor).
NDom CPU €p
Class | ® CPU | Gaps Ave Max Newy Ave Max Ave Max
1 6 035 6 1 8 2 0.27 1.15 5.65 32.43
2 11 0.65 12 3 23 2 6.13 126.25 2.63 29.05
3 12 12.86 12 2 12 1 7.84 48.35 4.76 38.24
4 17 9.05 17 9 91 2 498.81 4592.02 1.82 24.80

weight does not increase. For this reason, we limited the number of generated hyperpaths to
100, which explains the low CPU times. Roughly speaking, we may argue that e-safe rules
search more accurately close to the frontier, but don’t go deep into the triangles. Interestingly,
the resulting approximation is comparable to the one obtained by e-search. From the above
observations, we may conclude that different settings return different set of points, and that
the union of these sets (i.e. ®s) may be a good approximation of the true set of efficient

points.

Table 11: Results for the m/d case (¢/c neg cor).
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4.3 The mean/distance case

Finally we consider the m/d case. Here only weight option ¢/c neg cor is considered and
tested using the estimate function with [ = 10, e-safe and e-search rules ( ¢ = €3 = 0.01 and
g1 = 0.1). The results, reported in Table 11, show that the number of frontier points and
unsupported nondominated points is more or less the same as for the d/d case. However, the
number of new frontier points found in phase two increases slightly, while the value €, tends
to increase.

5 Conclusion

In this paper we considered bicriterion routing problems in random time dependent networks,
in particular, we introduced and investigated the generation of efficient (Pareto-optimal)
strategies. Bicriterion problems in random time-dependent networks have already been con-
sidered in the literature, however, the generation of efficient strategies has not yet been
proposed. The choice of this approach was motivated by two simple observations. First,
finding optimal strategies (hyperpaths) in RTDNs is easy, while finding path-strategies is
difficult. Second, strategies are more general since adaptive choices are taken in contrast to
path-strategies.

We reduced the generation of efficient strategies to a bicriterion shortest hyperpath prob-
lem in acyclic directed hypergraphs. This problem was solved by a suitable extension of the
classical two-phase approach for bicriterion shortest paths. Even though several hyperpath
models have been proposed in the literature, the bi-SHP problem has not yet been considered.
The main contributions of this paper can be summarized as follows.

First consider the minimization of expected costs or travel times, i.e. the m/m case. Here
we showed that the parametric weight problem is easy, since the results from graph theory
can be extended to hypergraphs. Therefore, finding the frontier in the first phase is easy.
By contrast, finding the frontier for the bicriterion path-strategy problem in random time-
dependent networks is hard. From a decision makers point of view finding the frontier might
be enough in some cases, for example, in a transportation application (e.g. hazardous material
transportation) where routing is chosen on-line, based on updated information. Furthermore,
by using a two phase method, the frontier can be used to guide the search for the second
phase if interactive/on-line methods are used.

For the second phase approximation methods were needed to let the method converge,
since the criterion space is so dense that not all nondominated points inside the triangles can
be found. As pointed out this is a result of the fact that the model does not discriminate
between sub-strategies with low probability. However, by introducing e-safe and e-search
rules to prune the search, this situation can be dealt with. Computational tests showed that
the rules are successful and good approximations can be found. Note that approximation
methods were also suggested [14] to find bicriterion shortest path-strategies.

Consider now min-max criteria, that is, the d/d and m/d cases. We could not provide
an efficient solution algorithm for the parametric weight problem here. However, we devised
a lower bound and a heuristic estimate function, that were used in an approximated version
of the two-phase method. Theoretically, the lower bound can be used to obtain a complete
version of the two-phase method, that is, to find all the efficient hyperpaths, but again this
would require a prohibitive computational effort.

Finally, note that, as in many multicriterion analysis frameworks, our goal is not the one
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of “solving” the problem, but rather the one of providing a reasonable set of alternatives.
To this aim, our approach seems to be more general and flexible than the enumeration of
path-strategies.

Clearly, the two-phase method developed in this paper may be improved, in particular
better lower bound and estimate functions may be found. Also, alternate techniques for
finding good approximations of the efficient set could be investigated. Moreover, we believe
that the results in this paper provide a stimulating starting point for further research. For
example, it may be possible to adapt our algorithms to the a priori case; in particular, one
may find efficient path-strategies using a specialized K-shortest hyperpath procedure in the
second phase. Then, a direct comparison of the strategy and path-strategy approaches might
be tried. Next, parametric shortest hyperpath methods [18] might be used to find the frontier
in the d/d or m/d cases. Finally, more effective branching strategies for the d/d case are
under consideration, which may speed up the search in phase two. These topics will be the
subject of forthcoming papers.
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