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Abstra t:

We

ompare two dierent models for multi riterion routing in sto hasti

dependent networks: the
adaptive route

hoi e.

time-

lassi time-adaptive route hoi e and the more exible historyWe point out some interesting properties of the sets of e ient

solutions (strategies) found under the two models. We also suggest possible dire tions
for improving
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1
In

Introdu tion

sto hasti time-dependent (STD )

networks (also known as random and time-varying)

travel times are modelled as random variables with time-dependent distributions.

STD

networks were rst addressed by Hall [3℄, who showed that the best route between two
nodes is not ne essarily a path, but rather a
∗

time-adaptive strategy
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that assigns optimal

su

essor ar s to ea h node as a fun tion of leaving times.

adaptive route hoi e, and

This is referred to as

time-

represents the standard model for routing in STD networks. A

survey on the subje t and a literature review

an be found in the paper by Gao and Chabini

[2℄, who also dis uss a more general framework, where online information and sto hasti
dependen y are taken into a

ount.

When the ar s in a STD network

riterion

arry multiple attributes, we are fa ed with

multi-

routing problems, where the solution is no longer a single optimal strategy but

rather a set of

e ient (Pareto optimal) strategies.

to be NP-hard also in deterministi

Finding the e ient set is well-known

networks. Nielsen [4℄ and Nielsen, Andersen, and Pre-

tolani [5℄ address the bi riterion routing problem under time-adaptive route

hoi e; they

weighted sum s alarization of the problem (see e.g. [1℄)
two-phase method for nding (or approximating) the set of e ient

propose solution methods for the
and apply them in a

strategies. Opasanon and Miller-Hooks [7℄
generalization of time-adaptive route

onsider an arbitrary number of

riteria and a

hoi e. More pre isely, they propose a model where

history, i.e.,
history-adaptive route hoi e.

routing de isions at a node are a fun tion of time as well as of the traveller's
arrival times at previous nodes. We refer to this model as

For this model, Opasanon and Miller-Hooks [7℄ point out some properties, and propose
a label

orre ting method (

Algorithm APS)

for nding the e ient set.

Moreover, they

devise two algorithms for solving a weighted sum s alarization (referred to as disutility).
In this paper we investigate the relationships between time-adaptive and history-adaptive
route

hoi e in a multi riterion setting. First we des ribe the stru ture of the solutions

and propose a

lassi ation of the two models; then we point out some relevant theoret-

i al properties; nally we address
to s alarization algorithms.

omputational issues, proposing possible improvements

Throughout the paper we adopt a standard terminology of

multiobje tive programming while keeping notation and formal denitions to a minimum.
Most of the results will be ilustrated by means of examples. For this purpose we adopt, as
a graphi al tool, the representation of a STD network as a

time-expanded hypergraph;

the

reader is referred to [4, 8℄ for a theoreti al treatment of the subje t. We remark that the
results provided in the paper hold for an arbitrary number of
limited to the bi riterion
Some of the

riteria, even if examples are

ase.

ontent of this paper already appeared, in a dierent form, in a previous

note [6℄. However, that note was based on the assumption that Opasanon and Miller-Hooks
[7℄

onsidered routing under time-adaptive, rather than history-adaptive route hoi e. Con-

sequently, the wrong
Hooks [7℄ are not

on lusion is drawn that most of the results in Opasanon and Miller-

orre t. Later we realized that Opasanon and Miller-Hooks [7℄ a tually

onsider history-adaptive route
tions in [6℄ are

hoi e. Apart from this misinterpretation, some observa-

orre t, and are summarized in Theorem 1 and Corollary 1 in the present

paper. Moreover, [6℄

ontains some algorithmi

improvements that are not reported here.

The stru ture of the paper is as follows. In the next se tion we introdu e STD networks
with a running example, whi h allows us to des ribe the stru ture of the solutions. Properties of the two models are dis ussed formally in Se tion 3. Computational issues, in luding
s alarization algorithms, are addressed in Se tion 4. A summary of the results, and some
suggestions for further resear h, are given in Se tion 5. Appendix A shows that the STD
2

representation adopted by Opasanon and Miller-Hooks [7℄
B

onsiders some

an be simplied, and Appendix

omplexity issues related to the number and size of time-adaptive and

history-adaptive strategies.

2

STD networks, strategies, and labels

Let

G = (N , A)

dis rete

be a dire ted graph, referred to as the

topologi al network.

We

onsider

STD networks, where arrival and departure times to/from nodes are integers in
H = [0, I]. For ea h ar (i, j) ∈ A, t ∈ [0, I] the set Tijt ontains the possible
t
′
′
t
travel times when leaving node i at time t along ar (i, j). The set Aij = {t + t : t ∈ Tij }
′
t
ontains the orresponding possible arrival times at j . Ea h travel time t ∈ Tij o urs
t
′
with probability pij (t ). Waiting at nodes is not permitted.
the interval

We
to

r ≥ 2 riteria, where the rst riterion is identied with travel time.
(i, j) ∈ A, t ∈ [0, I] and 1 < k ≤ r we denote by ckij (t) the ost a ording
k of travelling along ar (i, j) leaving i at time t. Note that this denition

onsider a set of

For ea h ar
riterion

extends the one given in [8℄ for a single

ost

riterion.

Opasanon and Miller-Hooks [7℄

adopt a more detailed des ription of the STD network that

an be shown to be equivalent

to the denition adopted here, see Appendix A for details.

Example 1
of Figure 1.

Consider the topologi al network

G = (N , A)

shown in the top left

We assume that a traveller leaves the origin node

the destination node

d.

Sin e waiting is not allowed, we only

o

orner

at time zero towards

onsider departure times

orresponding to possible arrival times at intermediate nodes. For ea h ar (i, j) and
t
t
relevant time t, the set Tij of travel times and the set Aij of arrival times are given in
Table 1.
We only have two non-deterministi

0

travel times, namely ar

(o, a)

at departure time

at departure time 1; in both ases we assume that travel times have the
1/2, that is p0oa (1) = p0oa (2) = p1ab (1) = p1ab (2) = 1/2. Note that routing
de isions are needed (a tually, possible) only at node b.
and ar

(a, b)

same probability

time-expanded hypergraph,

We represent the STD network by means of a
Figure 1. For ea h node

i∈N

and relevant time

t

as shown in

we introdu e a hypergraph node it ; for

(i, j) and departure time t we introdu e a hyperar eij (t) that onne ts node it to
{jθ : θ ∈ Atij } of hypergraph nodes orresponding to possible arrival times at j .
1
For example, hyperar eab (1) onne ts node a1 to the node set {b2 , b3 }, sin e Aab = {2, 3}.
We assume r = 2, and we refer to riterion 2 as ost; the ost is zero for ea h ar and
departure time, ex ept for the two ases shown in Figure 1, namely: ar (c, d) at departure
2
2
time 4, with ost ccd (4) = 4, and ar (b, d) at departure time 2, with ost cbd (2) = 8(1 + ε),
where 0 < ε < 1.

ea h ar

the set

A

ording to time-adaptive route

STD network is dened by

t.

TAS ) in a dis

hoi e, a time-adaptive strategy (

hoosing a single su

Ea h strategy determines, for ea h node i, time

3

essor ar

t

and

for ea h node

k = 1 . . . r,

i 6= d

rete

and time

the expe ted value of

o

d4

d

d8

8(1 + ε)

4
c4

c

a

d12

b2

b
a1

b3

a2

o0

Figure 1: Topologi al network and time-expanded hypergraph

(i, j), t

(o, a), 0 (a, b), 1 (a, b), 2 (b, d), 2 (b, d), 3 (b, c), 2 (b, c), 3 (c, d), 4

Tijt
Atij

{1, 2}
{1, 2}

{1, 2}
{2, 3}

{1}
{3}

{2}
{4}

{9}
{12}

{2}
{4}

{1}
{4}

{4}
{8}

Table 1: Travel times and arrival times

riterion
the

k

for travelling from

i

to the destination, leaving

orresponding expe ted values

i

at time

t.

Given a strategy,

an be formally dened by means of a set of re ursive

equations, see e.g. Pretolani [8℄. In pra ti e, the

omputation of these values

onsists of a

labelling pro ess that we illustrate with our running example.

Example 1
b

at time

2

( ontinued)

and at time

In order to dene a TAS, we must

3;

for the other nodes, only one su

hoose a su

essor for node

essor is available. Sin e two

b, namely going to the destination d or to the intermediate
c, we an dene four possible strategies. We denote these strategies by S dd , S cd , S dc
S cc , where u and v in S uv denote the su essor of b at time 2 and 3, respe tively.

hoi es are possible at node
node
and

The four strategies are shown in Figure 2. Ea h one is represented by the

hyperpath
(i, j)

that

is the su

ontains the hyperar s representing the
essor ar

of node

i

at departure time

t,

hosen su

orresponding

essor ar s. Namely, if

then the hyperpath

ontains the

eij (t).
1
2
Ea h strategy assigns to ea h hyperpath node it a label λi (t) = [λi (t), λi (t)], where
λ1i (t) is the expe ted travel time and λ2i (t) is the expe ted ost for traveling from node i at
departure time t to the destination. For ea h destination node dt the label is [0, 0]. If (i, j)
hyperar

is the su

essor ar

of node

i

t, then the
{jθ : θ ∈ Atij }, using

at departure time

a weighted sum of the labels at nodes

4

label of node
probabilities

it is obtained as
ptij as weights.

[0, 0]

d4
c4

[2, 8(1 + ε)]
, 4]
[5, 6 + 4ε]

a1

b2

b3

d8

[0, 0]

d12

d4

[4, 4]
[6, 4]
[7, 4]

a2

a1

b3

b2

d12

[4, 4]

c4

[5, 4]

[0, 0]

d8

[5, 4]

a2

[6, 4]

[6, 4]
o0

o0

[7, 5 + 2ε]

[8, 4]
(a) Strategy

S dc

[0, 0]

(b) Strategy

d4

d8

d12

[0, 0]

d4
c4

c4

[2, 8(1 + ε]
[7, 4(1 + ε)]

b2

[6, 4]

b3

[9, 0]
a1

S cc

[9, 2]

a2

d12

[0, 0]

[4, 4]

b3

[9, 0]
a1

a2

[10, 0]
o0

b2

[0, 0]

d8

[10, 0]

o0

[11, 1]
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Figure 2: Time-adaptive strategies and

orresponding time/ ost labels.

( ) Strategy

S

S cd

Figure 2 reports the labels assigned to hyperpath nodes by ea h strategy. For instan e,
S dc ; here label [4, 4] for c4 is obtained from [0, 0] at d8 , sin e both travel

onsider strategy

4. The label [5, (6 + 4ε)] for a1 is obtained from
labels [2, 8(1 + ε)] and [5, 4] (nodes b2 and b3 ); the expe ted travel time is (1 + 2)/2 + (2 +
5)/2 = 5, while the expe ted ost is 8(1 + ε)/2 + 4/2 = (6 + 4ε). Note that the probabilities
p1ab (1) = p1ab (2) = 1/2 are used here.

time and

ost are 4 for ar

(c, d)

at time

Opposite to the time-adaptive route hoi e, under history-adaptive route hoi e we have

HAS ) the su

that in a history-adaptive strategy (
sarily unique; a traveller

an

hoose dierent su

essor of a node

depending on the travel time experien ed in previous ar s.
labels assigned to the same hypergraph node

i

at time

t

is not ne es-

essors, and thus dierent substrategies,

an be

As a

onsequen e, dierent

ombined in the labelling pro ess.

Again, we illustrate the resulting labelling pro ess using our running example.

Example 1

( ontinued)

Observe that a traveller

dierent histories, namely, leaving node
possible su
of node
o

b

a

an rea h node

at time 1 or 2.

essors. Thus there are four possible history-adaptive

at time

3.

ur; indeed, nodes

In fa t, this is the only

o, a

and

c

a

at time 3 along two

at time

5

1.

b

has two

hoi es for the su

ase where history-adaptive route

have a unique possible su

has a unique history, that is, leaving

b

Moreover node

essor, while node

b

Sin e there are two possible

essor

hoi e

an

at time

2

hoi es at

d4
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Figure 3: History-adaptive strategies and

node

b

b2

d8

b

and time

at time

3

2

S c,dc

orresponding time/ ost labels.

we have eight HAS overall. Four of them, where the su

is independent of the leaving time from

a,

essor of node

orrespond to the time-adaptive

strategies shown in Figure 2. The other four are shown in Figure 3, where we split node

b3 to point out the history-adaptive behavior. Extending the previous notation, u and v in
S w,uv denote the su essor of b at time 3 when leaving a at time 1 and 2, respe tively, while
w is the su essor of b at time 2. We assume that S w,uv denotes the TAS S wv if v = u.
Note that in ea h strategy of Figure 3 two dierent labels are assigned to hypergraph node

b3 .

One of these is used to obtain the label for

label for

a1 ,

while the other is used to obtain the

a2 .



Terminologi al note

Pretolani [8℄ proved that time-adaptive strategies dene hyper-

paths in the time-expanded hypergraph. This property holds be ause, under time-adaptive
route

hoi e, ea h hypergraph node

whi h is not always the

it

is assigned a

unique

ase for history-adaptive route

prede essor hyperar

eij (t),

hoi e. Opasanon and Miller-Hooks

[7℄ refer to history-adaptive strategies as hyperpaths, but this term should be intended
informally as a

olle tion of paths, rather than a formal denition of the solution stru ture.
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3

Properties of adaptive routing models

As a rst step we

lassify routing models a

and Chabini [2℄. The

is available to the traveller.

network

The former denes the link- and time-wise

dependen y between travel time random variables. One extreme is that all link

travel time random variables are
they are

urrent information whi h

The information depends on two fa tors, namely

sto hasti dependen y and information a ess.
sto hasti

ording to the taxonomy proposed by Gao

lassi ation is based on the amount of

ompletely independent, and the other extreme is that

ompletely dependent. The latter denes whi h link time realizations are available

to the traveller at any given time and given node. It is

hara terized a

ording to whether

to the traveller. Models with no online information belong to a single

lass, referred to as

perfe t online information, partial online information or no online information is available

NOI. Models with perfe

t or partial online information are further subdivided into groups,

also depending on the sto hasti
are

dependen y between random variables. If these variables

Group 1. Otherwise, they belong to Group
t online information is available and to Group 3 if only partial online information

ompletely independent, models belong to

2 if perfe

is available.
Time-adaptive route

hoi e

orresponds to the

to have no information other than
in Group 1, and pre isely in the

NOI

lass, sin e the traveller is assumed

urrent node and time. History-adaptive routing falls

ase with partial on-line information available. Indeed, a

history provides no information on future link travel times, that is, sto hasti

independen e

of random variables is assumed. Moreover, the information provided by a history is limited
to those links previously used by the traveller, and does not extend to the whole network.
Gao and Chabini remark that the

lass NOI and Group 1 are dierent in prin iple, although

omputationally equivalent in a single

riterion setting. Their

laim is supported by the

fa t that these two models are no longer equivalent in a multi riterion setting.
We

an point out several properties of TAS and HAS observing the results of our running

example. In Figure 4 we plot (assuming

ε = 0.5) the labels λo (0) for the four time-adaptive

strategies ( ir les) and for the ve e ient history-adaptive strategies ( rosses).
Let us

onsider time-adaptive route

(a tually, for

0 ≤ ε < 1)

hoi e rst. As

an be seen in Figure 4, for

the four labels turn out to be nondominated.

ε = 0.5

However, if we

onsider the labels asso iated to node a1 in Figure 2, we note that the label [7, 4] assigned
S cc dominates the label [7, 4(1 + ε)] assigned by S dd . Therefore, a traveller following
dd
has a nonzero probability (a tually, probability 1/2) of arriving at a at time
strategy S
by

substrategy

one and, thereafter, of following a dominated (i.e., non e ient)
. Note also
dd
that no other strategy yields the same label λo (0) as S . Let us say that a TAS is
dd
if all its substrategies are e ient. Thus S
is e ient but not strongly e ient.

e ient
We

strongly

an state the following theorem.

Theorem 1 There may exist an e ient TAS whi h is not strongly e ient, and yields a
label that annot be obtained from a strongly e ient TAS.
Note that similar results (for the bi riterion ase)
as

maximum possible values are

an be found in [4℄, where expe ted as well

onsidered. Theorem 1 shows that a well-known property
7

ost

S dc

6
5
11

S cc
S c,dc S dd

4
3

S c,cd
S cd

2
1

time
7

8

9

10

11

Figure 4: Strategies and e ient labels (ε

of deterministi

= 1/2).

bi riterion shortest paths, where subpaths of e ient paths are e ient,

does not extend to time-adaptive route
history-adaptive route

hoi e.

On the

ontrary, the property holds for

hoi e, i.e., an e ient HAS is strongly e ient, see Lemma 1 in

Opasanon and Miller-Hooks [7℄. Sin e label

orre ting methods (su h as Algorithm APS in

[7℄) only generate strongly e ient strategies, we have the following relevant

onsequen e.

Corollary 1 A label orre ting algorithm may not nd all the nondominated labels orresponding to e ient TAS, in parti ular, it will miss e ient TAS that are not strongly
e ient.
In our example, ea h TAS ex ept

S dd

is strongly e ient and is

extreme,

i.e., its label

denes an extreme point of the time-adaptive set

YT≥ =

onv(YT )

⊕ IRr+ = {λ + y : λ ∈

onv(YT ),

y ∈ IRr+ },

YT is the set of TAS labels and  onv denotes the onvex hull; in this
YT = {[7, 5 + 2ε], [8, 4], [10, 2(1 + ε], [11, 1]}. Thus every extreme TAS

where
and

e ient in our example: as we shall see later, this is the
Let us now

onsider history-adaptive route

ase,

r=2

is strongly

ase in general.

hoi e whi h, as expe ted, provides a more

dense solution set.

Five out of the eight HAS turn out to be e ient; three of them
c,cd
c,dc
dd
orrespond to extreme TAS, the other two, namely S
and S
, dominate the TAS S .
c,cd
c,dc
Note that S
and S
are
solutions, that is, they belong to the boundary of

supported

the history-adaptive set

≥
YH
=

onv(YH )

⊕ IRr+ ,

≥
is the set of HAS labels; however, they are not extreme points in YH . Moreover,
≥
≥
≥
extreme points in YH orrespond to TAS, in other words we have YH = YT in our example.
Theorem 3 shows that this is no oin iden e.
where

YH

Let us dene a
route

weighted sum s alarization (WSS ) of the problem under history-adaptive

hoi e. We are given a ve tor of weights
8

w ∈ W + = {w ∈ IRk : wk > 0, 1 ≤ k ≤ r},

wk is the
w λo (0) of

where

T

sum

weight of

riterion

k.

We must nd a HAS that minimizes the weighted

the expe ted values of the

optimal for the weights w.

riteria. We say that one su h HAS is

WSS-

Sin e both the s alarization and the labels are dened by means

of linear equations, the following quite intuitive result follows.

Lemma 1 A WSS-optimal HAS denes WSS-optimal substrategies, i.e., minimum values

w T λi (t), for ea h node i and time t.
This result
as a 

orresponds to Lemma 3 in [7℄, where an optimal HAS for a WSS is referred to

LED hyperpath.

The following lemma establishes another key property of WSS.

Lemma 2 For ea h weight ve tor w ∈ W + a time-adaptive strategy exists that is WSSoptimal and denes WSS-optimal substrategies.
Proof
su

Let

S

S

be a WSS-optimal HAS, and assume that

essors to node

i

assigns two or more dierent

at time t, depending on dierent histories. As follows from Lemma 1,

the labels obtained by these su essors must be both WSS-optimal, that is, minimize the
T
produ t w λi (t). But then, we an hoose one of the optimal su essors, and use it for all
histories, still obtaining a WSS-optimal strategy at node

i

and time

t.

pro ess we end up with a TAS that fullls the requirements, and the
We

By iterating this

laim follows.

an now prove the general properties mentioned above.

Theorem 2 Extreme TAS are strongly e ient.
Proof

Assume that the TAS S yields the extreme point λ̄ and is WSS-optimal for weights
w ∈ W + . Suppose that S denes a dominated substrategy Si (t) for node i and time t.
T
T ′
′
Sin e wi > 0 for ea h 1 ≤ k ≤ r , we have w λi (t) > w λi (t), where λi (t) and λi (t) denote
′
labels assigned by S and by another TAS S , respe tively. Thus the substrategy Si (t) is not
WSS-optimal for

w.

However, it follows from Lemma 1 and Lemma 2 that a WSS-optimal

TAS must dene optimal substrategies, whi h implies a

ontradi tion.

Theorem 3 Ea h extreme point in YH≥ is an extreme point in YT≥, i.e., YH≥ = YT≥ .
Proof
that

λ̄

Let

λ̄

is the

be an extreme point in

unique solution of

≥
YH
.

It is well-known that some

w ∈ W+

exist su h

min w T λ.

≥
λ∈YH

Therefore, any optimal solution to the WSS with weights w yields the label
≥
at least one su h optimal TAS exists, thus λ̄ ∈ YT and the laim follows.
In Appendix B it is shown that the number of

λ̄.

By Lemma 2,

HAS

may be exponential in the number
≥
≥
of T AS . Despite this fa t, Theorem 3 shows that the extreme points in YH and YT are
the same. This means that if a de ision maker is primarily interested in one of the riteria,
it is su ient to

onsider

T AS .

On the other hand, non-extreme
9

HAS

give a mu h better

representation of the entire solution spa e inside the set

YT≥ .

This might also be interesting

to a de ision-maker.
Theorem 3 states that history-adaptive route hoi e does not allow to jump out of
≥
the time-adaptive set YT . This may be related to the taxonomy of Gao and Chabini [2℄,
observing that both models assume sto hasti independen e, even if they assume dierent
online information. An extensive interpretation of Theorem 3 would suggest that sto hasti
dependen y (groups 2 and 3 in [2℄) should be taken into a ount in order to nd solutions
≥
outside YT . In our ontext, sto hasti dependen y means that a history may provide
information on travel time distributions at future times.

4

Computational issues

We address some

omputational and algorithmi

issues in this se tion;

laims on the num-

ber and size of adaptive strategies are proved in Appendix B. As pointed out in [4, 5℄ the
multi riterion problems for time-adaptive route hoi e are
for

r = 2 and for instan

omputationally intra table, also

es of reasonable size. Indeed, the solution spa e is extremely dense,

and thus very hard to explore with

urrent state-of-the-art te hniques. Similar

are drawn by Opasanon and Miller-Hooks [7℄ for history-adaptive route
latter

•

on lusions

hoi e. In fa t, the

ase is likely to be even more di ult, for at least two reasons (see Appendix B):
the number of HAS may be mu h larger (in some

ases, exponentially larger) than

the number of TAS;

•

while the size of a TAS is linear in the size of the STD network, a single HAS

an

require exponential spa e.
For the above reasons, solution methods for weighted sum s alarizations be ome
Existing methods

ru ial.

an solve a WSS e iently, a tually in polynomial time in the input

size [5, 7℄; however, these methods only return one single WSS-optimal TAS. A

ording

to Theorem 3, a single TAS su es as long as extreme solutions are sear hed. However,
non-extreme supported solutions may be relevant as well, as shown by our example.

Example 1

c,cd
c,dc
( ontinued)
The two supported HAS S
and S
, as well as the extreme
cc
TAS S
and S , are optimal solutions to a WSS with weight w = [1, 1]. Only the extreme
c,cd
c,dc
TAS an be found by existing methods, even though S
and S
may be more attra tive,
cd

sin e they oer a better time/ ost trade-o. Note that the two su essors of node b at time
3 are both optimal, sin e w T [9, 0] = w T [5, 4]. This is not the ase for node b at time 2,
where
time

(b, c)

is the only optimal su

essor. If we forbid the non-optimal su

essor

(b, d)

at

2 (i.e., we remove hyperar ebd (2) from the time-expanded hypergraph) the remaining
S c,cd, S c,dc , S cd and S cc .


e ient solutions are exa tly

In pra ti e, we may be interested in nding all the non-dominated labels
to optimal solutions to a WSS, in luding labels

orresponding

orresponding to WSS-optimal HAS that

are not TAS. In general, this is a di ult task, sin e the number of optimal labels for a
10

single WSS

an be exponential in the input size, see Appendix B. Up to our knowledge, no

methods have been proposed for this task, ex ept of

ourse nding all the e ient HAS.

The above observations on our example suggest a possible approa h. Given a weight ve tor

w

we pro eed as follows.
1. nd a WSS-optimal TAS, keeping tra k of all the optimal su

essor ar s for ea h

intermediate node and time;
2. apply a labelling algorithm where, for ea h intermediate node and time, only the
optimal su

essor ar s tra ked in the previous step are used.

It follows from Lemma 2 (we omit details here) that the above method nds all the nondominated labels in
minor

YH

orresponding to WSS-optimal HAS for

w.

Both steps require

hanges in existing algorithms.

Note that the above approa h denes a sort of hybrid between labelling and twophase methods, whi h seems to be quite suitable for the bi riterion ase. For r = 2 ea h
≥
fa e of YT is a segment, dened by a unique weight w that an be found in polynomial
time, see [5℄. By applying the method above to ea h

w

dening a fa e we

an nd all the

supported solutions under history-adaptive route hoi e. Clearly, this pro ess is intra table
in general, however, the overall
as, for ea h

5

w,

omputational eort may be reasonably aordable as long

the se ond step works on a small fra tion of the whole STD network.

Final remarks

In this paper we investigated relations and dieren es between two known models for
multi riterion routing in STD networks. Our results

an be summarized as follows.

•

we des ribed the stru ture of the solutions for the two models;

•

we

lassied the two models a

ording to the taxonomy given by Gao and Chabini

[2℄;

•

we showed that, opposed to HAS, an e ient TAS is not ne essarily strongly e ient;
however, extreme e ient TAS are strongly e ient;

•

we showed that a WSS always admits an optimal TAS, whi h implies that the two
models dene the same extreme nondominated points;

•

we showed that the number and size of the solutions grow exponentially when moving
from time-adaptive to history-adaptive route
supported solutions are

•

hoi e; this remains true even if only

onsidered;

we proposed a hybrid two-phase/labeling method nding supported HAS that are
not TAS.

11

Due to the inherent intra tability of multi riterion routing problems for both models,
further resear h should

ε-approximations.

on entrate on heuristi

methods, e.g., s alarization te hniques or

To this aim, the theoreti al results provided in this paper may provide

a useful guidan e. In parti ular, the hybrid approa h proposed here may be an interesting
subje t for further resear h.
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Appendix A: representation of STD networks
The STD network model adopted by Opasanon and Miller-Hooks [7℄ spe ies a distribution of possible values for ea h riterion, ar (i, j) and departure time t. In parti ular,
k
C k = {ckz
ij (t) : zk = 1, . . . , D} denotes the set of possible values for riterion k when
1z1
1
travelling along ar (i, j) at departure time t. Note that C = {cij (t) : z1 = 1, . . . , D}
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kzk
kzk
is the set of possible travel times. Ea h value cij (t) o urs with probability ρij (t), thus
P
kzk
zk =1,...,D ρij (t) = 1. This model is unne essarily detailed, sin e for ea h riterion k > 1,
it su es to know the

expe tation

ckij (t)

=

D
X

kzk
k
ckz
ij (t) · ρij (t).

zk =1
In order to prove that the simplied model is
used to

ompute new labels for

APS, Se tion 4 in [7℄)

orre t, it su es to show that the formula

riteria other than travel time (see Step 3 of Algorithm

an be simplied as follows:

PD

 kzk
  1z1
1z1
k
k
c
(t)
+
λ
t
+
c
(t)
· ρij (t) · ρkz
jx
ij
ij
ij (t)
(z1 ,x)∈Q
zk =1 h
 kzk i
P
P
P
D
D
kzk
kzk
1z1
1z1
k
=
ρ
(t)
·
c
(t)
·
ρ
(t)
+
λ
t
+
c
(t)
· ρij (t)
ij
ij
ij
zk =1 jx
 k zk =1 ij k

P(z1 ,x)∈Q 1z1
1
=
ρij (t) · cij (t) + λjx t + c1z
(t)
ij 
(z1 ,x)∈QP
1z1
1z1
k
k
= cij (t) +
(z1 ,x)∈Q ρij (t)λjx t + cij (t)

ηik (t) =

P

Note that this simpli ation is purely algebrai , and does not depend on the

hoi e of the

ombine, i.e. on the value of x. Sin e the new label is obtained as a fun tion
k
of the expe tation cij (t) (and of the travel time distribution) the model assigning a single
expe ted value an be adopted without loss of generality.

labels to

Clearly, in both models the distribution is ne essary for travel times; indeed, for k
1z1
1z1
′
′
t
t
′
the two models are equivalent: given t = t + cij we have t ∈ Aij and pij (t ) = ρij .

=1

Appendix B: number and size of strategies
We dene a (somehow pathologi al) STD network that may help to gure out the inherent
di ulty of history-adaptive route
Given

K≥1

hoi e.

onsider the topologi al network

N = {ui : 0 ≤ i ≤ K + 1}

∪

G = (N , A)

satisfying:

{v i : 0 ≤ i ≤ K};

A = {(ui, v i ), (v i , ui+1) : 0 ≤ i ≤ K}

∪

{(uK , uK+1)}.

0
K+1
We identify the origin o = u and the destination d = u
. Note that
K
plus the single ar (u , d). We dene the STD network as follows.

•

are

•

(ui , v i) with i < K is sto hasti
1 and 2, with equal probability 1/2.

Ea h ar

at time

•

(v i , ui+1 )

Ea h ar

Ar s

t

i < K is time-dependent but
time is 2 if t modulo 3 = 1 and 1

(uK , v K ), (uK , d)

and

(v K , d)

have stati

13

is an

o-d

path

but time independent: possible travel times

with

the travel

G

deterministi : when leaving
otherwise.

travel time

1.

vi

ui+1
vi

d

vi

vK

ui
3i

d

uK

T −1

3i + 1 3i + 2 3i + 3

T

T +1

Figure 5: Fragments of the time-expanded hypergraph

•

Ea h ar

has a stati

and deterministi

zero

ost, ex ept ar

(uK , d)

that has

ost

one.
Figure 5 may help to understand the stru ture of the time-expanded hypergraph. The
i i
i
i+1
), with leaving time
left part shows the fragment orresponding to ar s (u , v ) and (v , u
i
K
K
K
K+1
from node u at time 3i; the right part involves ar s (u , v ), (u , u
) and (v K , uK+1).
Note that the time subs ript index of ea h node in the hypergraph is not shown. The STD
network satises:
1. If leaving node o at time
i
node u with i ≤ K is 3i.

0,

then the only possible arrival/departure time at ea h

uK is 3K = T − 1
T + 1 = 3K + 2.

2. Sin e the leaving time from node
are

T = 3K + 1

and

3. Routing de isions are possible only at node

uK

= [0, T + 1],

a

T − 1. Hen e
K
essor ar s (u , d)

and time

two time-adaptive strategies, orresponding to su
d
v
denoted by S and S , respe tively.
4. Setting the time horizon H
2
or its input size is O(K ).

the possible arrival times at

d

there are only
K
K
and (u , v ),

omplete des ription of the STD network

Theorem 4 The number of history-adaptive strategies an be exponential in the number
of time-adaptive strategies.
Proof

K
K
There are 2 possible histories leading to node u . For ea h of these histories either
K
K
2K
node d or v
may be the su essor node of u
leading to 2
history-adaptive strategies
ompared to only two time-adaptive strategies.

Theorem 5 The number of non-dominated labels orresponding to supported HAS that
are optimal for a single WSS an be exponential in the input size and also in the number
of supported TAS.
14

Proof

Time-adaptive strategies

ported extreme solutions.

Sd

and

Sv

yield labels

[T, 1]

[T + 1, 0],

and are supK
hoi e we have a set of 2 + 1

Under history-adaptive route

and

nondominated labels

YH = {λ(j) = [T + δj, 1 − δj] : 0 ≤ j ≤ 2K }
where

δ = 2−K ,

possible histories at node
tively. Labels in

λ(j) is obtained by hoosing
K
uK . Note that λ(0) and λ(2 )

and ea h

YH

K
for j out of the 2
d
v
orrespond to S and S , respe -

ar

identify points in the segment joining

(uK , v K )

[T, 1]

and

[T + 1, 0],

thus they

orrespond to supported solutions, in parti ular, optimal solutions to a WSS with weights

w = [1, 1].
Note all HAS are supported HAS.

Corollary 2 The number of (supported) e ient HAS an be exponential in the number
of (supported) e ient TAS.
Moreover, sin e the number of HAS is

K

22

orresponding to

2K + 1

dierent labels we

have.

Corollary 3 The number of supported HAS orresponding to the same non-dominated
label an be exponential in the input size.
Let us now

onsider e ient labels at intermediate nodes, as they are generated by

the labelling algorithm APS proposed by Opasanon and Miller-Hooks [7℄. For the sake of
0
K
i
simpli ity, we asso iate these labels to nodes u , . . . , u
in G , sin e for ea h u there is a
K
unique arrival/departure time 3i. For node u we have two e ient labels [1, 1] and [2, 0].
′ ′
i+1
Now suppose that we have two labels [a, b] and [a , b ] at node u
. It is easy to verify that
i
′ ′
′
′
at node u we an obtain three e ient labels [3+a, b], [3+a , b ] and [3+(a+a )/2, (b+b )/2];
note that the last label is the mid-point of the segment joining the rst two ones. In this
K−1
K−2
way we obtain three e ient labels at node u
, ve e ient labels at node u
, ...,
K−i
i
K
2
+ 1 e ient labels at node u . Clearly, this gives |YH | = 2 + 1 e ient labels at
0
node u .

Theorem 6 The size of a single supported history-adaptive strategy, by means of the data
stru ture devised by Opasanon and Miller-Hooks [7℄, an be exponential in the input size,
i.e. exponential in the size of a TAS, whi h is linear in the input size.
Proof

K/2
We know we have at least 2
e ient labels at node
K/2−1
K/2−1
K/2−2
u ; we an use these labels to obtain 2
labels at node u
, 2
labels at node
K/2−2
0
0
u
,. . . , 2 = 1 label at node u . In this way we dene a single history-adaptive strategy
K
K
that requires at least 2
dierent labels to be represented, i.e., O(2 ) spa e. By ontrast,
Assume that

K

is even.

K/2

a TAS requires at most linear spa e in the input size.
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